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The precision of a gun éystem clearly involves
the dynamics of the gun carrier, ground characteristics,
interior and exterior ballistics. It is a problem of
enormous complexitv and is often divided into different
phases for investigation purposes. While the division of
the task is convenient and often necessary, one should
always keep in mind that the different phases interact and
the dynamic forces are usually coupled. This fact neces-
sitates an interactive process or, better'?et, & complete
system approach, if at all possiblé, to ,the precision
problem,

During recent years, one has witnessed great

,
strides in various branches of continuum mechanics, kine-
matic designs, numerical-and-computer technidues for
solving problems of great complexity as well as in the
areas of experimental mechanics and instrumentation. It
appears feasible now more than ever to gain understanding
and to improve the design of gun systems for greater "y
accuracy by exploiting the new technological advances.

The present Symposium represents the continuing interest
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These proceedings contain twenty papers presented
at the Symposium held at Institute on Man and Science,
Rensselaerville, N.Y. during 19-22 September 1978. The
papers represent the current research efforts on gun dynamics
and its effect on precision and design by industrial, university

and Department of Defense laboratories.
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TITLE: Measurement of Gun Barrel Motion with
Optical Trackers
BURDETT K. STEARNS and R.C. WALKER
General Electric Company
Burlington, Vermont 05401

ABSTRACT:

The measurement of gun barrel transverse and angular motion
during firing is complicated by the relatively large recoil movement
which occurs at the same time. Standard transducers are not designed
to function under compound motion conditions and so other instrumenta-
tion techniques must be employed. The General Electric Company has
been using optical trackers for such measurements for the last few
years. This paper describes the procedures and equipment used and
gives some typical test results for both lianear and angular motion
measurements. Two different schemes are used to measure angular motion.
In one approach, two transverse linear displacement measurements are
made at two closely spaced points. In the other scheme, a single
tracker is used in conjunction with a small mirror mounted to the
barrel. Muzzle flash and blast pressure from gun firing can cause dis-
tortion of optical measurements. Modifications of instrumentation pro-
cedures are suggested to minimize these effects.
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MEASUREMENT OF GUN BARREL MOTION
WITH OPTICAL TRACKERS

*BURDETT K. STEARNS, PhD
ROGER C, WALKER
GENERAL ELECTRIC ARMAMENT SYSTEMS DEPARTMENT
BURLINGTON, VERMONT 05401

INTRODUCTION

The measurement of gun barrel transverse and angular motion
during firing ies complicated by the relatively large recoil movement
which occurs at the same time. Standard measuring transducers are not
designed to function under compound motion conditions and so other in-
strumsntation techniques must be employed. However, there are a number
of possible alternatives. One approach is to use high speed cine camera
recording with subsequent data reduction to digital form. Another
method 1s to use variable impedance transducers which operate on the
eddy-current loss principle. A third method is to make use of the
optical follower as a measuring device.

At General Electric, we have selected the latter approach and
have bean using optical trackers for gun barrel motion msasurements for
the last three years.(l) This paper describes the procedures and equip-
ment used and gives some typical test results for both linear and angu-
lar motion measurements.

OPTICAL TRACKERS

The trackers used for barrel motion measurement were manufac-
turad by Optron, a Division of Universal Technology Incorporated of
Woodbridge, Connecticut. The presentation in this section of the paper
i@, to a large extent, a synopsis of their instructional literature.

An optical tracker is an electro-opt’cal displacement follower
which is designad to track a target having a discontinuity in the in-
tensity of light, reflected or emitted. In an Optron follower, the
optics focus the target discontinuity onto a photo cathode of an image
dissector tube. Electrons are emitted from the cathode as a function
of the intensity of projected light. These slectrons are accelerated

I-2
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*STEARNS & WALKER

and enter & emall Jperture where they are amplified to give a current
output proportional to the number entering. A servo loop contrul posi-
tions the electron beam sc that the target discontinuity is centered

on the sperture, If the image moves, the control voltage changea so
that the electron image is moved back to the original locked-on posi-
tion by current in the tracker's deflection coils. The amount of cur-
rent required to keep the electron image centered on the aperture is a
measure of target displacement.

A complete tracking syatem consists of a control unit, a lens
system, and an optical head. A photograph of the equipment is shown
in Figure 1. The full scale measuring range of this system can be
varied from .002 inches maximum to infinity by an appropriate selectilon
of the lens system. Variable focus lenses and a variety of extension
tubes are used to provide flexibility in adjusting field of view.

Light Source Control Unit Lens & Optical Head

Figure 1. Tracking Sycstem

The control unit provides an snalog output suitable for re-
cording on oscilloscopes, oscillographs, and tape recorders. The out-
put is linearly proportional to displacement of the target and has a
full scale value of 5 vclte.

A target switch is located on the control unit which allows
the systen toc track vertically or horizontally a dark target on a light
background or a light target on a dark background. For the tracker to
lock onto a target, the contrast in light intensities should be better
than three to one.

I-3
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A viewing port is located on the opticel head and 1s used

for focusing end target alignment. A sketch of what is actually seen
through the viewing port is shown in Figure 2., This 18 a typical eset~
up for measuring vertical motion with a single axis tracker. The rated
linear displacement range of the syatem 18 indicated by the smaller
square. The tracker should be located and adjusted ro that the esti-
mated maximum motion to be msasured falls within thie interior rec-~
tangular space. This will assure maximum accuracy. A 100 percent
over-renge allowance is provided in case the motion should exceed the
rated displacement. However, linearity of the system is not guaranteed

in this outer range.

| ___— VERTICAL TRACKING AXI§

|
- t=— — 100% OVER-RANGF

_A // \\ RATED DISPLACEMENT

Figure 2. View Through Viewing Port

TARGET

NN
N
VAN

The closed dashed line in Figure 2 is not actually seen in
the viewer but is included to indicate the ragion where the measure-
ment is made. The target must be at least as wide as the trackiag axis;
however, much wider targets are easier to follow. Lock-on will be lost
if the target moves entirely to one side of the vertical tracking axis.

Two different echemes are used for illuminating the target.
If a discrete light to dark interface is used, such as & white surface
partially covered with flat black paint, light is directed from the
front, If an inherently dark target is used, light 1is directed from the
back. This is done by placing a low power lemp and diffuser on the side
of the target away from the tracker. The lamp is aimed directly iuto
the lens, with the target interrupting the light. Usually, the back-
1lit target i1s easier to focus and track than other target configura-
tions. A D.C. light source must be used because the tracker will de-

tect any cyclical change in light intersity.

The optical tracking system resolution is less than 0.1 per-
cent of the lens displacement. This is affected by low light levels,
an improper lock-on, and an out-of-focus target.

I-4
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*STEARNS & WALKER
LINEAR AND ANGULAR MOTION MEASUREMENTS

A number of different exploratory tests were conducted on
cylindrical rods to gain familiarity with optical tracker instrumenta-
tion, Initial displacement dynamic tests and vihbration tests were used
in establishing equipment set-up and procedural methods. Some of these
tests are described in the following paragraphs for both linear and
angular motion measurement.

An illustration of the typical set-up used for vertical motion
measurement is shown in Figure 3. Thils was the arrangement used for an
initial displacement dynamic test in which measurements were made of
the motion of a solid cylindrical steel rod. The rod was 2.0 inches in
diameter and was cantilevered from a test stand with an overhang of 60
inches. A concentrated weight was applied to the end of the rod to
produce initial displacement. The load was then released suddenly and
the rod tip vertical motion was measured.

ROD LIGHT
SOURCE

/
~
l TRACKER e $

Figure 3. 1Initiai Displacement Test Set-up

The tracker was tripod-mounted and elevated to the same height
as the test rod. A D.C. light source was located on the opposite side
of the barrel and pointed into the lens of the tracker. The dark sur-
face of the rod served as the target. The tracker field of view was
centered on the top of the rod, as shown in Figure 4, so that the entire
i lower half of the field was dark.
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o | «—FIELD OF VIEW
ROD '
4 7 >
/ “‘l///
p /}/
/////4
Figure 4. Field of View f
|
To obtain high accuracy with the measuring system, the field é
of view was chosen to be only slightly larger than the initial dieplace- i
ment of the rod end. A 200 mm lens, with a 25 mm extension, was used |
with the tracker to target distance set at 40 inches. This combination |
of parameters was selected from available charts to give a *0.26 inch |
rated field of view. 2
Tracker calibration was carried out by placing gage blocks g
of various dimensions, in addition to a dial indicator, on top of the i
target and recovding the tracker response on an oscillograph. The gage !
width versus response measurements are plotted in Figure 5. A 45-de- :
gree reference line i1s also shown. The response was quite linear for !
this particular set-up. 1
I
.26 4 |
Q
8 15 1 ;
L ;
W ;
x i
e .10 4
™
Q
:
= .06 4
k T L Y T Y
0 0 A6 .20 .26
¥ ACTUAL DISPLACEMENT (iN.)
w
%i Figure 5. Linear Motion Calibration Curve
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*STEARNS & WALKER

: A segment of the recorded vertical motion measurement ia
shown in Figure 6. Also included, for comparison vurposes, ig a plot
of calculated motion from a 9-noded finite element analysia(z) which
did not consider damping. The two curves correlate very well for this
lightly damped structure, and reflect the effects of higher harmonics.

AL A
/

2 VARV
g : _\ /\ /\ /\ CALCULATED
VAR VA

TIME (SEC.)

Figure 6. Vertical Motion

Two different schemes were used to measure angular motion.
In one approach, two trackers are used to measure linear motion at
two closely spaced points. An approximation of the angular motion
is the algebraic sum of these two readings divided by the distance
between the points. This procedure is automated electroaically by
combining the two signals in an analog circuit and applying a con-
stant scale factor to include the division operation. The output
to an oscillograph then gives the angular motion directly. Cali-
bration is a logical extension of that used for displacement measure-
ment, An example of this approach is shown in the next section.

I-7
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The second method of angular motion measurement is more diffi-

cult to set up but provides greater accuracy. A single tracker is used

in conjunction with a small mirror mounted on the cylindrical rod, The

mirror is attached to & samall machined plate with epoxy cement and the

plate in turn is clamped to the barrel at the specific location to be

measured. See Figure 7.

\

- CLAMP
- ||
MIRROR -(
N
|-——prate
I L | R

Figure 7. Mirror Mount

A typical tracker and target set-up for measuring pitching motion is
sketched in Figure 8.

s 7\g\2’<\

MIRROR

LIGHT SOURCE

TRACKER ——=

Figure 8. Angular Motion Set-up
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The tracker and light source are located in a plane perpendicular to

the axis of the barrel. The tracker is focused on the mirror which
reflects the ilmage of the light source. A black tape or other covering
is applied to the light source to form a straight black on white edge
which is in the plane of the tracker axis. This is used as the target.
The tracker is switched to measurs horizontal motion, and in the initial
set-up, the field of view is dark to the left and light to the right.
The angular deflection of the barrel is then the apparent displacement
of the target divided by the vertical distance from the tracker to the
mirror. If the tracker and the light source are not located equidistant
from the mirror, the angular deflection can be calculated using the
equation in Figure 9. These calculations are reasonably accurate for
small angular motion. The linear constants in the equation can be in-
cluded as a single scale factor during calibration.

Calibration of angular measurement has been carried out by
three methods. One approach is to move the complete rod through a
specific measured angle. It is also possible to use a displacement
measurement at the target and then apply a modification of the equations
given in Figure 9. A third approach, which was used in the majority
of tests, is to place a second mirror in front of the test mirror at
a known angle.

MIRROR \‘

-
Slope of Mirror, o = 8 + v
d2
Apparent Angle Seen z
by Tracker, B = < /
1 l
TARGET
n o zdy - dp) LIGHT
dl d1 SOURCE
’
"
Y 2d,
/
L., z(d1 - d2)
d; 2d,d, Ved
a = z (K)

Figure 9. Angular Displacement Geometry
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One of the tests performed in the exploration of this second
method of angular measurement was the vibration of a cylindrical rod
cantilevered from a shaker table., The dimensions and overhang of the
rod were similar to that described previously. A mirror was attached
to the end of the rod and a sweep was performed with the shaker to de-~
termine the first few natural frequencies. The tracker was set up to
ueasure pitching angle as shown in Figure 8.

The fundamental frequency was found to be 1l1.5 cpe. The angu-
lar measurement for a sweep through this frequency is shown in Figure
10. The test was repeated with an accelsrometer mounted at the end of
the rod to confirm the frequency measurements. The results compared
within leas than ona percent.

FREQUENCY = 11.6 CPS MAGNITUDE +0.006 RAD,

A AN A
\/\] \/\7\/ \/VW\/\J\

Figure 10. Vibration Test

Another test was performed using the single tracker angular
measurement method. This was an initial displacement test of a canti-
levered rod, The same test specimen and support arrangement was used
as in the set-up shown in Figure 3. In this test, an attempt was made
to explore the accuracy of the method. With the tracker and target
each located 30 inches from the mirror, it was not difficult to set he
maximum rated field of view at 3.7 milliradiang. This was cnly slightly
larger than the initially diaplaced angle of the mirror which was 3.6
milliradians. The results of this test are shown in Figure 11, along
with calculated values from a finite element dynamic analysis.zz) The
higher frequency motion is in especially good agreement.
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004 -+
002 4 ,\\
i . \ TEST
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e 002+t
%‘ \ CALCULATED
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—.0024
=004 1 A 2 3
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Figure 11. Angular Measurement

MEASUREMENTS DURING GUN FIRING

The procedures used for tracker measurements during gun firing
are basically the same as described in the previous section, but with
some modifications to compensate for the effects of the firing environ-
ment. These differences are pointed out in the fire test examples given
in the following paragraphs.

An example of linear motion measurement during gun firing is
shown in Figure 12. This is a measurement of recoil motion from a
single shot firing of a 30 mm multi-barrel gatling gun. A plot of re-
duced movie film data, from a separate firing of this same weapon, is
alsc shown in the figure, and is included for comparison purposes.
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Figure 12. Recoil Motion

In this test, the tracker was located about 3 feet from the gun
and was focused on a muzzle clamp a short distance from the end of the
firing barrel. The maximum recoil motion was known to be about 2.0
inches and the equipment was adjusted to give a rated field of view of
2.4 inches to allow for possible overshoot. As in most of the firing
tests, a 200 mm lens was used with an appropriate lens extension tube.

The movie and tracker results compare raasonably well consider-
ing that they were taken from two separate firings. The movie camera
speed was 1000 frames per second, or one frame every millisecond. Since
the duration to peak recoil motion was about 40 milliseconds, there was
a sufficient number of data points for curve plotting. If the action of
interest occurred in a much shorter time, or if the magnitude of dis-
placement had been a great deal smaller, movie film would not provide
satisfactory resulis. The mechanics of film motion within the camera
limits the accuracy of such measurements.
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The insert shown in Figure 12 is the response from a muzzle
mounted strain gage timing bridge. This indicates the time at which
the projectile leaves the barrel. It can be seen that immediately fol-
lowing this, an unexpected, sudden pulse occurs in the tracker response.
This 1s an erroneous reading caused by muzzle flash effects. The flash
is produced by the burning gun gases as they leave the muzzle behind the
fired projectile. At this time, the momentary high intensity light
source may enter the cathode follower and cause it to temporarily lose
tracking ability. However, as can be observed in Figure 12, as soon as
the flash subsides, the follower again locks onto the target. If the
light is too bright, it can dco temporary damage to the tracker, The
solution to this problem has been to focus on a point two or three
inches aft of the muzzle tip, so that the flash does not fall directly
in the field of view of the lens.

The next illustrative examplie is a fire test of a multi-barrel
gun conducted to measure angular motion using the two tracker method.
0f particular interest in this test was the angular displacement, or
pitching angle, of the muzzle at the time of projectile exit, as this
influences the initial heading and accuracy of each round. 5

The two trackers were located 60 inches from the gun and were
focused at points 3.0 and 9.0 inches, respectively, aft of the firing
barrel muzzle., The signals from the trackers were combined and modi~
fied by a scale factor to give angular measurement. The results from
three successive single shots are shown in Figure 13. It can be ob-
served from these tests that the angular displacement at time of pro-
jectile exit, a value of 7.2 milliradians, is quite repeatable for
single shot firing.
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Figure 13. Two Tracker Angular Measurement
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It should be noted that if a tracker is locked-on to the
tapered edge of a barrel, any pitching motion will not affect the
transverse motion measurement. However, any substantial recoil motion,
which occurs at the same time, can produce an erroneous reading. This
linear effect can be compensated for provided the axial motion is
known. The difficulty can be avoided completely by painting half of
the barrel white, and using the centerline of the barrel as the target.
This then requires front lighting.

The precedling tests were conducted in a test cell which was
completely open to the outside environment on the downrange side. Day-
light conditions presented no particular problems because the resul-
tant lighting within the cell was fairly uniform. It has been found
that optical trackers operate properly with a constant background
lighting. They even operate well in outside weather conditions, under
grey or clear sunny sky. However, patchy or puffy clouds on a sunny
day produce sporadic results. Under these latter conditions, it is
best to provide a cover to attenuate backlight variation effects, es-
pecilally when using sky as a comparator.

In the third and final example, & fire teat of & 30 mm single
barrel fixture was carried out and the angular motion was measured with
a single tracker and mirror arrangement. A photo of the test set-up
is shown in Figure 14, Here it can be seen that both the tracker and
the light source are quite well protected from the direct muzzle blast
pressure by a substantial wall. Such protection is not usually the
case and some consideration must be given to this dynamic pressure load-
ing, for 1t can produce motion of the tracker. This will produce erro-
neous results. Often the tripods are weighted and rigidly clamped, or
other stiff support mounts are constructed to avoid this occurrence.
The need for such precautions depends on weapon size and round design.
The influence of blast pressure on the instrumentation can be easily
determined by fire testing with the tracker focused on a stationary
target. Any response ehown by the instrumentation will be the relative
motion of the tracker due to blast effects.

In this type of angular measurement testing, some difficulty
was encountered in keeping the mirror attached to the barrel during
firing. Back surface glass mirrors were used and were attached with
epoxy to the mounting plate. FEach mirror held for an average of only
4 ghots. Front surface plexiglas mirrors might be more suitable for
this purpose.

The results of the angular measurement in this final test are
shown in Figure 15, The angle at projectile exit was measured as 1.2
milliradians using a maximum rated field of view of 8.0 mil.iradians.
The recording of this event on magnetic tape permits a more detailed
study during slow speed playback.
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Figure 15. Angular Motion Using Mirror

Optical trackers during gun firing have proven to give extreme-
ly accurate measurements and provide a continuous record of direct
measurement. The accuracy of this instrumentation is sufficient to
describe the measurement of the angular muzzle displacement at time of

projectile exit.
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) ABSTRACT:

A system for measuring the angular motion of the muzzle of artil-
lery weapons during firing is described, The system provides a continu-
ous (analog) recording of the angular deflection of the muzzle referred
to the breech of the gun with an angular resolution of 0.1 mrad and a
frequency response in excess of 6 kHz. The technique of measurement in-
volves reflecting a beam of light from a mirror on the muzzle to an analoyg,
two-axis, position sensing detector; both light source and detector are
mounted at the breech end of the tube. The displacement of the light beam

; at the detector is a direct measure of the angular deflection of the muzzle

o Telative to the breech. A description is given of the design of the sys-
tem and its calibration. Firing tests were conducted with the system on a
statically mounted 105 mm tank gun at Aberdeen Prouving Ground, MD. Data
from nine firings were digitized and used to producy graphical representa-
tions of the muzzle motion prior to and after rouund exit. Some of these
data are presented. A mechanisim is proposed and developed which appears
to account for the dominant features of the observed muz:le motion.
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MEASUREMENT OF ANGULAR MUZZLE MOTION ON A
105 mm TANK GUN DURING FIRING
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Section 1--Muzzie Deflection Measurement

This paper describes the design and test of a prototype Muzzle
Deflection Measurement System (MDMS) for measuring the angular deflection
of the muzzle of a 105 mm tank gun during firing. The system provides a
continuous (analog) recording of the angular deflection of the muzzle
referred to the breech of the gun with a resolution of 0.1 mrad and a fre-
quency response in excess of 6 kHz. The technique of measurement in-
volves reflecting a beam of light from a mirror on the tube muzzle to an
analog, two-axis position sensing detector; both the light source and
detector are mounted at the breech end of the tube. A direct measure of
the angular deflection of the muzzle relative to the breech is given by
the displacement of the light beam at the detector.

The prototype MDMS was tested successfully at Aberdeen Proving
Ground, MD, during the week of 5 December 1977 and nine firings were re-
corded during this period, on which data on muzzle motion were obtained.
The test vehicle for this test was a statically mounted gun; modifica-
tion to the mounting hardware for the MDMS would be required to mount
the system on a tank-mounted weapoen.

The purpose of this report is to describe the design of the MDMS,
its calibration, and the results obtained in the field test. Section 1
describes the measurement technique and the objectives of the present
study. The design features of the MDMS are discussed in Section 2,
and in Section 3 the results of laboratory performance test and system
calibration are presented. Results of the firing tests are given in
Section 4 along with an analysis of the data.
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The technique used for the measurement of angular muzzie motion

is illustrated in Figure 1. A transmitter/roceiver assembly is mounted
at the hreech ond of the tube, and a mirror is rigidly attuched to the
muzzle. The transmitter is an optical projection system which projoects
a collimated beam of light to the muzzle mirror, where it is reflected
back into the aperture of the recoiver. The receiver is basically a
camera which focuses the collimated beam onto a position-sensing de-
tector (PSD) in the focal plane of the camera lens. As the gun tube
bends, the vector defining the muzzle pointing direction changes, and
the (vector) normal to the muzzle mirror undergoos the same change.
This causes the reflected beam to be deflected by an amount equal to
twice the angular deflection of the muzzle vecter. Angular motion of
the beam causes the focused spot on the PSD to translate linearly a
distance proportional to the muzzle deflection angle. By measuring the
vector displacement of the spot on the PSD as a function of time, a di-
rect quantitative measure of muzzle motion is obtained.

An objective of the MDMS development was to produce a muz-le
motion sensing system capable of measuring both the slow changes in the
muzzle vector due to changing environmental conditions, as well as the
rapid motions which occur during passage of the round down the tube.
The design objective was a system sensitivity of 0.1 mrad over a dy-
namic range of +5 mrad and a frequoncy response of at least 5 kHz.
Reliable operation was to be obtained in the shock and vibration envi-
ronment of a 105 mm tank gun. ‘The specifications on this environment
were: At the muzzle, 500 g along the tube axis, and 1000 g at 5 kHz
transverse to the axis. At the turret/gun interface, the specifica-
tions were 500 g at 5 kHz, and an overpressure of 3 psi.

LIGHT SOURCE
TRANSMITTER

MUZZLE MIRROR POSITION SENSING DETECTOR -——-—7

Transmitter Beam Path

Reflected Beam Path

BREECH

GUN TUBE

RECEIVER

FIGURE 1. CONFIGURATION OF MUZZLE DEFLECTION
MEASUREMENT SYSTEM
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Section 2--MDMS Design Features

A block diagram of the MDMS is shown in Figure 2.

There are three major subsystems: (1) transmitter, (2) re-
ceiver, and (3) control unit. The configuration of the system as mcunted
on the test gun is shown in Figure 3, where the main components are iden-
tified by the numbers in the figure. The recoiver and transmitter are
shown at (2) and (4), respectively, and were mounted on a heavy steel
bracket (1). This, in turn, was bolted to the yoke of the gun. The
muzzle mirror assembly, shown at (3), was fastened to an existing sleeve
on the muzzle at a distance of 380 cm from the plane containing the

transmitter and receiver apertures.
The transmitter assembly consists of a laser diode source, the

radiation from which is collimated by an aspheric lens and projected to-
ward the receiver, via the muzzle miriror. Temperature control of the
laser diode is provided by thermoelectric elements mounted in the trans-
mitter housing. Adjustments are provided for collimation and alignment
of the laser diode axis with the optical axis of the projection lens.

The receiver subsystem is composed of an f/!.4, 135 mm camera
lens (NORITAR) with the PSD in its focal plane. It also contains the
pre-amplifiers for the PSD outputs which buffer these signals for trans-
mission to the position computer located off the gun in the Control Unit.

RECEIVER C

(T e e s 7 r"“
|
i
|
|
{
|
|
|
{
|

OPTICS
UDTSC/ 10D AMPLIFIERS | | CCMPUTE
NORITAR / | R

-
RECEIVER PSD PSD | POSITION _L_
|
[
|
|
[

I
! TRANSMITTER LASER DIODE THERMOELECTRIC | |
: OPTICS LDL/LCW-8§ ELEMENTS :

FIGURE 2. BLOCK DIAGRAM OF MUZZLE DEFLECTION
MEASUREMENT SYSTEM fm\
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FIGURE 3. GUN MOUNTED CONFIGURATION OF MDMS

Adjustments are provided for positioning the electrical center of the
PSD on the optical axis of the NORITAR and for aligning its axes in the
horizontal and vertical planes.

The control subsystem contains the position computer, all power
supplies and control elements (such as switches, potentionmeters and in-
dicator lights, etc.) for remote control of the MDMS. It was mounted
off the gun and outside the blast enclosure.

Stringent requirements are placed on the receiver optics by
the large separation between it and the muzzle mirror, and by the rela-
tively small extent of the most linear region of the PSD. With an angu-
lar dynamic range of + 5 mrad for muzzle motion, the transmitter beam
reflected from the mirror will swing through a range of + 10 mrad. The
linear distance traversed by the beam at the receiver aperture (380 cm
distant) is 7.6 cm, which is the lower bound for the diameter of the
aperture. This must be increased by the diameter of the transmitter beam
if vignetting is to be avoided. For the MDMS, the minimum beam diameter
at the receiver was 1.6 cm; this required a receiver aperture of at least
9.2 cm.

The function of the lens is to focus the collimated beam to a
small spot on the PSD, which measures the centroid of the light distribu-
tion in this spot. The PSD is a square silicon wafer with four elec-
trodes defining orthogonal, rectangular (X-Y) axes, with the region of
the greatest linearity (0.5%) contained in an area 0.25 c¢m in diameter
at the origin. Thus, the focused spot should remain within this area.
For an angular range of + 10 mrad, this condition implies that the lens
should have a focal length of 12.5 cm. Since the aperture diameter of
the lens must be at least 9.2 cm, this implies an f/number of f/1.4,
Furthermore, the lens must be well corrected if an angular resolution

1-22
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of 0.1 mrad is to be achieved. Note that 0.1 mrad corresponds to a
displacement of the centroid of about 12 mirons; thus, the effect of
aberrations must cause the centroid to move much less than this as the
beam traverses the lens aperture. The lens chosen for the MDMS was
the £/1.4, 135 mm NORITAR and closely meets these requirements.

The PSD chosen for the MDMS is a planar diffused PIN photodiode,

with four contacts defining the X- and Y-axes (see Figure 4). Light ab-
sorbed at its surface causes a photocurrent to flow out through the four
contacts., If il and i, are the currents associated with one axis (i.e.,
X-axis), then it can be shown in a one-dimensional approximation that
1,1, = [X/(L/2)]ig. Here, L is the dimension of the PSD, X is the dis-
placement of the centroid of the light spot from its electrical center
along the X-axis and ig = i; + i, is the total photocurrent. From these
two relations one obtains

X = (/2 [WH, - 1))/, + i) (1

Thus, the position of the centroid of the light spot is proportional to
the ratio of the difference and sum currents flowing out of the pairs

of contacts defining the X- and Y-axes. Note that Eq. (1) is independent
of the magnitude of the photocurrent, so that measurement of the centroid

position is independent of the absorbed light power. This result has been

verified with the MDMS and holds over a wide range of transmitter beam
power.

Figure 4 is a block diagram of the position computer which per-
forms the operations indicated by Eq. (1). The four currents from the

DIFFERENCE
Ve=Vx-
‘ 7%
DIVIDER AMPLIFIER My—e
M‘*iyl' BUFFER Vet =V
V=K
SUM Va4 + Vi
Ve + Vx-

1DENTICAL CINCUIT FOR Y- AXIS

FIGURE 4. BLOCK DIAGRAM OF POSITION COMPUTER
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PSD are first transformed to voltages which are then transmitted to the
position computer (in the Control Unit, off the gun). For each electrode
pair, the difference and sum of the voltages V . and V, are formed and
the ratio taken in accordance with the prescription of Eq. (1). The out-
put voltage from the computer is

Vx = K(Vx* - Vx_)/(vx_‘_ * Vx_) (2)
where K is a scale factor to be determined by calibration of the MDMS,

Section 3--MDMS Calibration

For angular calibration, the MDMS was mounted on an I-beam in
the configuration of Figure 3, with the transmitter/receiver and muzzle
mirror separated by 380 cm, the planned separation on the gun. The muz-
zle mirror was contained in a two-axis mount which could be rotated by
micrometer adjustment about the X- and Y-axes. Angular tilt of the muz-
zle mirror was measured with a Kollmorgan Model K222 Dual Axis Autocol-
limator. This instrument directly measures the tilt of the mirror and
has a sensitivity and repeatibility of 0.1 sec of arc.

The general procedure for calibration was to rotate the mirror
through a small angle about one of its axes, measure the amount of rota-
tion with the autocollimator and record the output from the position com-
puter for each increment of tilt. It was first necessary to align the
PSD axes with the axes defined by the mirror mount. When the MDMS was
transferred to the gun, the PSD axes became the reference coordinate sys-
tem for the gun measurements. Following this alignment, the focused
light spot was moved to the electrical center of the PSD (zero output
from X- and Y-channels). The mirror was then tilted in increments of one
minute of arc (0.29 mrad) about the X-axis, for example, and then rotated
about the Y-axis to sweep the transmitter beam horizontally across the
receiver aperture. The output of the position computer was recorded on
an X-Y recorder, This gave a line on the chart parallel to the X-axis
with a measured angular displacement from it. By repeating this process
for both axes, a grid was traced, with the grid lines spaced at measured
one minute intervals. If the MDMS is linear, a rectangular grid is the
result, With this presentation, it is easy to detect nonlinear effects
and where they occur on the PSD. Figure 5 shows the results of a cali-
bration scan.

A transfer function for the MDMS can be obtained by plotting
the voltage output as a function of the mirror tilt., This is shown in
Figure 6 in which the plotted points represent measured values of voltage
and tilt angle along the X- and Y-axes. Points on the curve in the
figure marked + represent measured points on the X-axis; points marked
@ are for the Y-axis. For the final system calibration, these data were
represented by the function

I-24
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eTCY = 7,012 sin“(VMy/7.844) mrad (3)
In this expression, y = X or Y, Vy., is the output of the position cowpu-
ter for the y channel and 8qq, is the mirror tilt angle as computed by
the position computer along the y-axis.

The transfer function of Eq. (3) can be used to determine the
composite tilt of the mirror in the X-Y plane. As a check on the accu-
racy of the transfer function, Eq. (3) was used to predict the mirror
tilt at the intersections of the grid lines, where the angles are known
from the autocollimator measurements. This was done for 48 off-axis
points spanning the full + 5 mrad range. In all cases, the difference
between angles measured by the autocollimator and the position computer
was less than 0.1 mrad. The conclusion is that the accuracy of the mir-
ror tilt measurement made by the MDMS is at least 0.1 mrad.

The non-linearity exhibited by the transfer functions of Fig-
ure 6 is due primarily to vignetting of the laser beam at the edge of the
receiver aperture. When part of the beam is vignetted, the centroid of
the light distribution on the PSD shifts toward the center. Thus, the
incremental change in centroid position with increasing mirror tilt be-
comes progressively-less_for large angles as more of the beam is vig-
netted. e

Frequency response of the MDMS was measured by reflecting a
He-Ne laser beam from a sinusoidally oscillating mirror into the receiver
aperture. As the frequency of oscillation was changed, the amplitude was
kept constant at approximately 3 mrad. MDMS response was found to be
flat to 1 kHz and then tc roll off with a single time constant, falling
to 80% of its low frequency value at 6 kHz. This behavior is due solely
to the frequency response of the position computer, which had a nominal
bandwidth of 15 kHz (3 db point).

Section 4--Results of Firing Tests

Nine firing tests were performed with the MDMS on a statically
mounted 105 mm gun at Aberdecen Proving Ground, MD. On five of the fir-
ings, standard M392 APDS rounds were used; proof slugs were used for the
remainder. The gun was additionally instrumented to detect the events
of round emergence and round exit, and to measure the distance of tube
retraction in recoil as a function of time. The latter measurement
showed that at the time of round exit, the tube had begun recoil and had
moved approximately 3 cm.

The analog data from the X- and Y-channels of the position com-
puter were digitized at 5 usec intervals. The data were then processed
to convert the digitized counts to angular units in milliradians, accoxd-
ing to the prescription of Eq. (3). A measure of the noise in the data

~——
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was obtained by computing the standard deviation of counts during a 2 ms
interval prior to the beginning of round motion.

Figures 7 and 8 show the angular motion of the muzzle in the
X- and Y-directions for one of the shots. The vertical line on the right
side of each figure indicates the time of round exit, and the legends
give the initial off-set and noise in milliradians. Time is referenced
to an arbitrary origin and has the units of milliseconds.

The motion of the muzzle can also be displayed as a Lissajous
plot from Figures 7 and 8. Figure 9 is such a plot for the same shot
and spans a one millisecond interval centered on the time of round exit.
The events of round emergence and rourd exit are indicated by the symbols
X and O, respectively. A measure of the RMS uncertainty in this plot,
due to system noise, is given by the separation of the two straight llnes
labeled o at the right of the figure. '

The angular behavior of the muzzle in the X-Y plane during fir-
ing is shown in Figure 10 for seven shots. These are smoothed traces
from the computer plots. Each row represents one shot and shows the mo-
tion in successive one millisecond intervals., starting at the left.
Round emergence and exit occurs in the fifth column of the figure, and
these events are marked as previously described, if they were recorded.
On five of the shots, data drop-outs were experienced near the time of
round exit and were due to obscuration of the laser beam by the ejection
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of combustion products from an uncovered bore evacuator hole at the top
of the tube. This accounts for the discontinuities in some of the traces.
The problem was corrected prior to firing the two shots shown at the top
of the figure.

For five of the shots, the event of round emergence was recorded
and the angle of the muzzle at this event could be measured. On the re-
maining two shots, round emergence occurred during a drop-out; the muzzle
angle could be closely estimated, however, from the X- and Y-plots against
time. From this limited sample, the standard deviation of muzzle pointing
angle at round emergence was estimated to be 1.8 mrad. This suggests that
the contribution to the total dispersion duc to this effect would be a cir-
cle 3.6 m in diameter at 1 km.

A prominent feature of muzzle motion shown clearly in Figures 7
and 8 is its oscillatory character, which is interpreted as tube bending.
The period of oscillation in both the X- and Y-dircctions wus the same for
all firings and is in the range 0.8 ms to 1 ms, implying a dominant fre-
quency on the order of 1 kHz to 1.3 kliz. This is well above the natural
resonant frequency of bending of the gun tube and suggests the existence
of a driving force at this frequency. A plausible mechanism for thi:
force is suggesting by considering the forces acting on the tube in reuac-
tion to the acceclerating shell, which is forced to rotate by the rifling
grooves. Figure 11 illustrates the force components resolved along and
perpendicular to the direction of a rifling groove. Fp is the net tor-
quing force acting at rigit angles to the tube which causes it to twist
in a counterclockwise direction, if shell rotation is clockwise, Fp also
can produce a bending moment about the breech which would cause the muz-
zle to be deflected. Since Fp rotates with the shell, the time dependerce
of its components along the X- and Y-uxes is of interest.

The forcing function for the X-component of tube motion is:

g

Frx = Fp(t)cos(wgt) (4)

where, wg is the angular rotation rate of the shell and t is time. If
v(t) is the shell velocity in the tube and R is the number of revolutions
per unit length made by the shell, then:

wg = 2mRv(t) (5)

For a 105 mm tank gun the rifling rotates the shell in a clock-
wise direction one revolution in 18 calibers. This gives R = 0.53 rev/m,
Measured data on shell velocity in the tube were obtained from the U. S.
Army Ballistic Research Laboratory, Aberdeen, MD, are represented by the
curve in Figure 12. This curve was differentitated to obtain the shell
acceleration, which is proportional to Fpr. For purposes of evaluating the
postulated forcing function of Eq. (4), the shell velocity and accelera-
tion were approximated by the following expressions:
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v(t) = 150 t + 50T, [exp(t/T,) -1] m/sec

t <1.7 ms
a(t) = 150 + 50 exp(t/t;) m/sec?
v(t) = 1898 - 2360exp(-t/T,) m/sec

t> 2ms
a(t) = 860cxp(-t/T,) m/sec?

The time constants are 1; = 0.983 ms and T, = 2.754 ms. These expressions
closely approximate the measured velocity and derived acceleration over the
time intervals indicated.

When these expressions are substituted into Eqs. (5) and (4}, re-
spectively, normalized forcing functions acting along the X- and Y-axes can
be evaluated. The result for the X-axis is given in Figure 13 and shows
that the force is quasi-periodic, with a periud in the range 0.9 to 1.1 ms,
in close agreement with the period of observed muzzle motion. During the
approximately 6 ms between the beginning of round movement and round exit,
four to five well-defined oscillations are predicted by this simple analy-
sis. Again, this i$ in reasonable agreesment with the observations.
| 1.10ms [

1.0 T v

— T ™

0.956ms 0.80ms

DRIVING FUNCTION - NOMMALIZED

BUNLAE

VY |

| -
[}
\ 4
(W)
-1.0 " -, . " n i
0 ! 2 3 4 ) é 7

TIME (ms)
FIGURE 13. NORMALIZED DRIVING FORCE FOR THE TUBE OF A 105 mm TANK
GUN BASED ON MEASURED VELOCITY DATA
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This result supports the hypotnesis that a dominant force on
the tube is the reaction to the forced rotation of the accelerating shell
and gives rise to a torque on the tube. The time dependenca of the axial
components of the force has been shown to be the same as the oscillatory
motion of the muzzle in the X- and Y-directions. A more comprahensive
analysis of the forces generated during firing would be required to show
that the proposed mechanism can cause tube bending with the observed am-
plitude. The results obtained in this study only suggest that this mecha-
nism is an important factor in producing the characteristic muzzle motion.
A test of the hypothesis could be made by observing muzzle motion during
the firing of M735 APDS, fin-stabilized rounds. In this case one would
expect much less energy to be coupled into the tube from the round and
consequently less deflection of the muzzle.

Resonant vibration of the muzzle mirror mount could cause the
output of the position computer to show oscillations. A design criterion
for the mount was that its distortion under maximum muzzle g-loading would
not change the direction of the reflected beam by more than 0.025 mrad.

An analysis of this structure indicates that its resonant frequency is in
the neighborhood of 14 kHz. The conclusion is that flexure of the muzzle
mirror mount makes no significant contribution to the signal from the
position computer, and, therefore, that the observed motion is due to tube
bending.
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ABSTRACT:

Muzzle motions oF the M68 105-mm tank gun which occur during
firing were computed and compared to test measurements. Tests were
conducted by the Propulsion Division at B8RL with the gun secured to
the BRL accuracy mount. Motions were calculated in the vertical plane,
the horizontal plane, and in torsion using a two-dimensional finite
element computer program. Input data for the program were taken from
measurements of interior ballistics data. A parameter study was per-
formed to show the effects on muzzle motions and the projectile angular
deviation from the line of sight produced by projectile unbalance,
breech block eccentricity, and variations in tube support.

BIBLIOGRAPHY:
PRESENT ASSIGNMENT: Senior Engineer, Southwest Research

Institute
PAST EXPERIENCE: Pneumatics Engineer, General Dynamics/

Astronautics, San Diego, California, 1961-1962; Structural Analyst,
General Dynamics, Fort Worth, Texas, 1964-1967; Engineer and Senior
Engineer, Southwest Research Institute, 1967-~present.

DEGREES HELD: BSME, Texas A&M University, 1961; MSME, Texas
ASM University, 1964.

1-34




..... we EERR s T 32 mEAE Yy S Y Y TR VR WY IO S Ry TY AT W WISV i aagn wepe mem sl
opL A T = r Ty bt Sl e RS A ALt 1 TTETATY L T el A

MUZZLE MOTIONS OF THE M68 105-mm GUN

*P. A, COX
JAMES C. HOKANSON
SOUTHWEST RESEARCH INSTITUTE
SAN ANTONIO, TEXAS 78284

The paper is based upon work performed for the Propulsion
Division of the Ballistic Research Laboratories in the time period
November 1974 through June 1977 [1]. In this work, motions of the
M68 105-mm weapon produced by a single firing were computed by the fi-
nite element method and compared to measured motions. Motions of the
gun tube during firing alter the initial pointing vector of the muzzle
and impart lateral and angular velocities to the projectile as it exits
the tube. The effect of muzzle motions on the projectile exterior bal-
listics can be gauged by computing the angular momentum of the projec-
tile at muzzle exit and the angular deviation of the projecile flight
path relative to the initial 1ine of sight of the muzzle. Changes in
these two quantities produced by changes in weapon parameters and in
the analytical model were studied. Parameters varied include the pro-
Jjectile unbalance, mass eccentricity of the breech block, and tube sup-
port stiffness. Variations in the analytical model included changes
in stiffness and in the projectile-tube interaction forces produced by
beam shear deflections.

Analytical Method

The two-dimensional computer program used for calculating
muzzle motions is based on a displacement ?or compatible) finite ele-
ment formulation. As outlined by Cook [2], a system of algebraic equa-

i tions is obtained by minimizing the total potential energy of the sys-

! tem

4§ _ m = U+ W (1)

‘ with respect to kinematically admissible nodal displacements. U and W
§2 1 are obtained by summing the strain energy and the potential energy of
the external loads over all elements. For uniform beam elements with
lateral (bending only) and axial deformations, the element strain ener-
gy is given by

' 1 1-35
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K
Ue 7

O ‘2

2 EA % 2
U, dx + 5 é vy, dx (2)

where uyy is the second derivative of the lateral displacements, u, with
re.pect to x, and vy 1s the first derivative of the axial displacements,
¥. git? respect to x. The potential energy of external concentrated
oads is

)
wé = £ [F(xF) us (x-xF) + P(xp)v 6(x-xp)] dx (3)
where §(x-xg) and &(x-xp) are Dirac Delta functions. The above equa-
tions reduce to the fol?owing form
ro= U ku-u'f (4)

which, when minimized with respect to the nodal displacements, gives
ku - f = 0 (5)

These equations were derived using the Hermite polynomials for inter-
polation functions within the beam elements.

For the dynamic case, first order differential equations were
obtained by employing the well known d'Alembert principle, and intro-
ducing the inertia forces as equivalent static loads. Lumped masses
were used so that these forces were introduced at the nodes. Interpo-
lation formulas are.the same as for the static case. Shear deformations
were introduced by deriving the element stiffness matrices using a di-
rect strength of materials approach. The interpolation functions, ob-
tained from the static deformed shape, were used to derive the force
vector,

Forcing functions, F and P of Eq. (3), include:

breech pressure

projectile-tube friction

forces produced by projectile unbalance
forces produced by projectile-tube motions
forces produced by reactions within the recoil
mechanism

The forces produced by projectile-tube motions couple with beam iner-
tias for the element within which the projectile lies.

The system of equations thus obtained can be written in one
of two ways.
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M1l ) + 1C1OG) + [KICY) = (F(E,Uy 0y U)) (6)

or

M(t) 14l + [C(E)1L0} + [K(E)1HUy) = (F(E)) (7)

In Eq. (6), the coefficients of the displacements and their derivatives
are a1l constant, and the external forces are functions of time and the
instantaneous beam displacements, velocities, and accelerations. The
mass matrix.[M] is diagonal as indicated. In Eq. (7), the time depen-
dent coefficients of the forces are combined with the constant coeffic-
ients of Eq. (6), which leaves the external forces as functions of time
only. The coefficient matrix [M(t)] is no longer diagonal.

Either system of equations can be solved numerically by march-
ing in a series of time steps, At, evaluating accelerations, velocities,
and displacements at each step. The procedure used in this work was
the average acceleration method described by Timoshenko, et al. [3].
Displacements and velocities are written

Wy, = g+ F (G {UN}t) (8)
At * )

Wy = o+ 3 (W 4 0y 9

VT Wt T (0t ) 9)

Acceleration at time t is found from either Eq. (6) or (7). Dropping
the distinction between time dependent and constant coefficients, the
acceleration at time t is

-1 .
iy = g ({F}t - [Cltly - [K]t{UN}t) (10)

t

Equations (8) and (9), when substituted into Eq. (10), give the accel-
eration at time t in terms of tube displacements and motions at t - At.

-1

2
. . At ve )
- + + 1
g {UN}t-A:) (Kl ({UN}t-Ac At{uN}t-At ] {UN}t-At ) an
Equation (11) is usually written

e — ..] .
iy, = Mg Ry (12)
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For 1inear systems with constant coefficients, the matrix [Ff]'1 must be
assembled and inverted only once. Also, if R is a prescribed function
of time only, then Eqs. (8{, (9), and (12) give the displacement history
directly without iterations. Even if the matrix [M] is a function of
time, the displacement history can be found without iterations, but the
matrix [M] must be reformulated and inverted at each time step. This
can be very costly in terms of computation time.

A simpler approach, and the one employed in this work, is to
solve Eq. (6) using an iterative procedure. For this solution, it is
convenient to use Eqs. (6), (8), and (9) directly and avoid the assembly
and inversion of the matrix [M]. The general procedure is as follows:

Initial conditions:

1. Uy} {ON}, and {F} must be known at t = 0. (Call this
t - at for convenience.)
Predictor:
2. Compute {Uy} from Eq. (6).
P N toat q. (
3. set (U} = (U .
| N N't-at
4, Comp?te {[JN}t and {Uy}, from Egs. (8) and (9).
5. Determine {F}t using the predicted values of {UN}t’ {ON}t,
and {UN} .
t
6. Compute {UN}t from Eq. (6).
Corrector:
7. Repeat Steps, 4, 5, and 6.
8. Compute at time t for lateral, axial, and rotational dis-

placements, separately

Z'u - U
Nj N;_
- ] UV or k=1, 2,3 (13)

§ |UNJ |1

where j denotes the current value and j-1 the value from the
previous iteration; i is the summation index which extends
over all lateral displacements for k = 1, axjal displacements
for k = 2, and rotations for k = 3.

Ry
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9, If Ry > ¢ for k = 1, 2 or 3, repeat Steps 4 through 8; other-
wise, save current values, increment time, and continue the
integration. For these studies, ¢ = 10-6,

Because the [M] matrix is not formed and inverted in the it-
erative scheme, this approach is suitable for nonlinear problems which
require periodic updating of the [M], [K], or [C] matrices. Because
the matrix [M] is still diagonal, its inversion is trivial.

This same basic iterative approach also can be used with Eq.
(7). For this case, Step 5 would call for updating and inverting the
time dependent, nondiagonal mass matrix. Leaving the time dependent
coefficients in the force vector is more efficient.

Finite Element Model

The finite element model (F.E. model) of the weapon for the
vertical plane is given in Figure 1. A cross-section through the wea-
pon which includes essential features of the tube, cradle, and BRL ac-
curacy mount is also shown. A legend identifies the parts of the model.
In this F.E. model the tube is completely uncoupled from the cradle and
the mount. Tube support was altered by varying damping and stiffness
for members 20 and 22, Stiffness and damping in member 21 were zero
for all calcuTations. The tube support sleeve is undercut in the cen-
ter, and calculations of tube motions in this region indicate that con-
tact between the tube and the tube support sleeve at node 16 will not
occur. Members 20, 21, and 22 have zero bending stiffness so that axial
motions are reacted totally by the spring between node 18 and ground.

The tube has been represented by 18 beam elements and 57 de-
grees-of-freedom. Up to 38 lateral modes could be calculated from this
model. It should give an accurate representation of at least the first
ten Tateral modes. Joint No. 1 is located 38 mm aft of the muzzle so
as to correspond to transducer locations used in the BRL test program.
Although not indicated in the model, the tube is given an initial droop.
Droop 1s caused by gravitational forces and is input to the program as
a slight offset from the X-axis in the negative Y direction for nodal
points 1 through 14. Initial tube offsets produced by manufacturing
or solar heating have been ignored. The breech mass also has an ini-
tial offset below the X-axis which is associated with the breech block
eccentricity.

Input data for the F.E. model were taken from production draw-
ings of the M68 weapon, from physical measurements on weapon parts, and
from transducer recordings made during firing. Table I summarizes the
input data used for the majority of the calculations. These data cor-
respond to a test identified as IDENT 06 from a firing program conducted
by the Propulsion Division of BRL. Al1 parameter studies reported are
made for interior ballistics data measured during this test. Test re-
sults and the corresponding calculations for tests IDENT 08 and 10 are
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FIGURE 1.

TABLE I.

INPUT DATA FOR IDENT 06:

§) L Y 3‘r'513"7"‘¢

FINITE ELEMENT MODEL OF THE TUBE

STANDARD SET

Input

Data and Source

Mass and stiffness of tube
Breech block eccentricity
Champer pressure
Projeciile axial motions

Projectile eccentricity

Projectile mass
Initial tube drop

Breech force

Computed from production drawings
8.911 mm below tube G ( measured)
Measured during firing (Figure 2)

Displacement measured during firing
velocity and acceleration computed
from displacement vs time (Figure 3)

0.35 nm - iritially oriented along
+ y-axis in Figure 1 (measured)

5.72 kg (measured)

Maximum of - 2.5 mm at Node 1
(calculated)

Given by Figure d4e {calculated from
torsional response of the tube)
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given only for comparison with those of IDENT 06.
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FIGURE 2. CHAMBER PRESSURE INPUT DATA

Forcing Functions

The time-dependent forces applied to the model of Figure 1
are given in Figure 4. These include the axial forces produced by
breech pressure and projectile-tube friction, lateral forces produced
by projectile unbalance coupled with projectile spin velocities and
acceleration and a lateral breech force produced by reactions between
the breech and the torque bracket. Projectile exit from the muzzle is
indicated by the 1ight horizontal and vertical lines which intersect
the curves in this figure. Similar lines will be used throughout the .
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Lty paper to denote projectile
- exit. The so called "Bour-
on don forces" were omitted,
i -cu.ul -
E | Note that the forces
E Tam produced by friction and
awmu the breech pressure are

zero for some finite time
after t = 0. The reason

ot for this delay is that
1 - neither the breech pressure
nor friction was applied
e O] ) ] e to the tube until the
T et breech pressure overcame
™. . that produced by the re-

v coil spring preload and
' projectile-tube friction.

[XTY]

Motion dependent
forcing functions also oc-
cur as a result of projec-
tile-tube motions and will
differ from run to run un-
less conditions are iden-
tical., These forces are
called "moving mass ef-
fects" and are inertia
forces produced by coup-
i O] . i® " am ]ing which occurs between

T ceE) - projectile axial motions
o and tube lateral displace-
ments and motions. An
example of these forces is
4 given in Figure 5. The
- run number in the figure
caption refers to numbers
which will appear in the
table of results. Deriva-
tion of these forces is
given by Simkins [4] and
by Cox and Hokanson [11.

SELDC.TY (VS)

PEMECTILE SCCLONT N (EL'S/S)
a

'm-l . Parameter Study

1 This parameter study
TE e O — ws  Wwas conducted to investi-
< gate specifically the ef
' fect of projectile unbal-

ances, breech eccentricity,

FIGURE 3. PROJECTILE MOTION DATA and tube support stiffness
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upon muzzle motions. Addi-
tional studies were made
» to examine the effect of

13

certain variations in the
analytical model on the
calculated muzzle motions.
+H- One such variation was the
n inclusion of shear defor-
mations. Throughout the
- -“r“dV\VWAJ!\A. ! j study, calculated and mea-
sured results were compared

to assess the accuracy of
the calculations.

(1)

FORCE (kN)

Included in Figure 6
are the nuzzle motions
measured on the M68 weapon
for test IDENT 06. Calcu-
lated motions from the pa-

FIGURE 5. TYPICAL MOTION DEPENDENT rameter studies will be
FORCES (RUN 60.22) compared to these values
in both magnitude and sig-
nature. The time axis on the graph is labeled in fiducial time (time
measured relative to a timing mark). Ignition of the propellant cor-
responds to about 20.6 ms in fiducial time. The number in parentheses
above the time scale is measured from propellant ignition and corres-
ponds to the time scale used for the calculated results.

-13

TIME (ms)

Forty-two different computer runs were made in the parameter
study. Entries in Table II are keyed to computer runs, and these run
numbers are also given on figures which will be used to show some of
the results graphically. Runs omitted from the table did not contrib-
ute to the study.

The parameter variations are identified as column headings.
Parameters varied include the integration time-step, projectile eccen-
tricity, breech eccentricity, projectile-tube interaction forces,
breech reaction, shear deformations, and the tube support conditions
(columns headed by "AJ" and "CA"). The column headed "Moving Mass" is
used to denote the inclusion or exclusion of moving mass effects; the
breech reaction is the force in Figure 4, discussed previously; "Shear
Deformations" refers to the inclusion or exclusion of these effects
when computing beam stiffness and the beam deformed shape; the symbols
Adpg and CApq denote the cross-sectional area and damping, respective-
ly, of member 20 of Figure 1 (it is the member which supports the rear
of the tube); and AJp2 and CA>2> denote member properties at the front
tube support. Also in Table ?I. the letter "N" denotes "Standard
Values" as given in Table I; otherwise, the values are either zero, 2
reversal of the standard value (-N), or some multiple of the standard
value,
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§% L LR Results in the table in-

! ] clude the lateral displacement

5 Chalie calculated at a position 38 mm

3 . behind the muzzle; the projec-

¥ tile 1inear momentum, which 1s

i S normal to the original line of

% fire; the projectile angular

5 . momentum; and the angular dev-

% on iation in mils. Angular devi- §
% ) ation is simply the angle of i
{ I.£ flight relative to the origi- z
b nal line of fire computed from ;
¢ 2.0 the projectile linear momentum, i
§ = The results given correspond i
% E to the time of projectile exit i
3 |

" ’ from the tube. This time is
nominally 7.435 ms.
Selected parameter vari-
ations of Table II are dis-

cussed. Initial runs (60.01
through 60.12) were made to

5 mV select an integration time é
; g'"“ ___dum::xﬁzﬁﬂfSAW¢_— ‘lel step and to show the effect of |
? & ' i |

sy

o W 3 RO,

—zom including moving mass effects.
Lo = These will not be discussed

J— further except by comparison
: with other results. The dis-
; s.an cussion includes "moving mass

£ E 3] as 28 1
! TIE -~ NS

effects" produced by the coup-
1ing which occurs between pro-

; FIGURE 6. MEASURED MUZZLE MoTIONg  sectile axial motions and tube

lateral motions, and are based
IN THE VERTICAL PLANE FOR IDENT 06 on calculations performed with

the same integration time step.

Tube Support Stiffness

: Varijations in support stiffness included changes to both the

{ area (stiffness) and damping of members 20 and 22 of Figure 1. Values

of AJ above 0.03 m2 are considered as Firm support, regardless of the

dampinn value. Minor changes in results were produced by increasing !
» the support area above this value. Alternately, the tube beliaved es- D
] sential]y as a free-free beam for area and damping values of 3x 10-7 m2 Lo
; and 5x 103 N-s/m, respectively. Lower values of AJ and CA produced no

£ significant change in the results.

3 Muzzle motions computed for a firmly supported tube are pre-
% sented in Figures 7 and 8. Figure 7 gives results for a balanced pro-
3 jectile (zero eccentricity of the projectile mass). For the balanced
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THE VERTICAL PLANE FOR A WITH CONSISTENT SHEAR DEFORMATIONS
FIRMLY SUPPORTED TUBE (RUN FOR A FIRMLY SUPPORTED TUBE (RUN
60.30) - 60.4u)

round, the forces shown in Figure 4c and 4d are zero. Otherwise, stan-
dard input data given in Table I for IDENT 06 were used. These results
match well with the signature of the experimental data, but magnitudes
of the displacement, velocity, and acceleration are Tow by a factor of
50 to 100. Including projectile eccentricity in the calculations pro-
duces the muzzle motions of Figure 8. The magnitude of the displace-
ment prior to projectile exit has changed very little, although there
is a sharp increase in displacement immediately thereafter. Maximum
velocities are now within a factor of 3 to 4 of measured values, and
the magnitude of the calculated acceleration is about 64% of the mea-
sured acceleration.
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L] Freeing the tube produces
the results of Figure 9., Except

I‘ for the support parameters, input
' data are identical to those used
' * to produce the results of Figure
] 8. Only the magnitude and char-
. acter of the displacement have
: changed significantly., Displace-
. e ments have increased fourfold,
N but are still about 1/20-th of

measured values. Several obser-

] 1 vations can be made from these
E comparisons:
it
™ 2 (1) Calculated displacements in
"y g ' l the vertical plane are much
x ] lower than measured dis-
] . placements.
. ~ | (2) Analyzing the tube with boun-
o] . T +F dary conditions which closely
E approximate a free-free beam
-y ! gives muzzle displacements
E <4 I that best match measured dis-
i . [ N L placements in both magnitude
3 e i Y] mq and signature, ]
; g; h (3) Muzzle oscillations produced ;
i by projectile unbalance are k
small and are probably ob- |
) — scured by motions of the mag- |
] YO (el nitude measured. !
: (4) Because calculated and mea- ;
FIGURE 9. MUZZLE MOTIONS COMPUTED sured velocities and acceler- |
WITH SHEAR DEFORMATIONS WITH THE ations are much closer in !
TUBE WEAKLY SUPPORTED (RUN 60.41) magnitude than the displace-
ments, it may be that some
"steady" force acting in the vertical direction produces the additional
displacement. A differential force on the tube produced by tube curva-
ture and initial pressure (the so called Bourdon force) might produce
the observed result.

Projectile Unbalance

Figures 7, 8, and 9 show the effect of projectile unbalance
(mass eccentricity from the tube centerline) on a firmly supported tube.
Figure 8 indicates that, for the unbalance of the projecile in the
IDENT 06 test, muzzle motions produced by the unbalance will be obscured
by overall tube motions even smaller than those measured. Thus, projec-
tile unbalarce will not be noticeable in the measured displacements;
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however, it does have a pronounced effect on the muzzle velocity and
acceleration and upon the projectile momentum at muzzle exit. By com-
paring results in Table II for Runs 60.28 and 60.41, projectile eccen-
tricity reduces the magnitude of projectile momentum for the weakly
supported tube. For firm support (compare Runs 60.30 and 60.38), pro-
Jectile eccentricity increases the projectile momentum.

Increasing projectile eccentricity to twice the value used in
test IDENT 06 does not significantly change the peak displacement up to
muzzle exit, but it does sharply increase the projectile momentum at
muz2le exit. This 1s shown by Runs 60.27 and 60.31 for both weak and
firm tube support. For these two cases, the maximum cglcu]ated velocity
and acceleration increased to -0.281 m/s and 9.235 m/s¢, respectively.
This is substantially above measured values.

Breech Block Eccentricity

The results of Runs 60.22 and 60.26 show the effects of
breech block eccentricity on muzzlie motions for a “"weakly" supported
tube. In these runs, the breech block eccentricity was varied from
zero to twice its normal value. Muzzle displacements for the two ex-
tremes are shown in Figure 10. Part (a) gives results for a balanced
breech, and part (b) for twice normal breech eccentricity. Muzzle dis-
placements are small for the balanced breech, on the same order as dis-
placements caiculated for a firmly supported tube. Muzzle motions
caused by projectile eccentricity are apparent. When the breech eccen-
tricity is doubled (the normal eccentricity is 8.911 mm below the X-
axis), muzzle displacements increase substantially. Now muzzle motions
produced by projectile eccentricity are completely masked by the larger
motions produced by the breech unbalance. Still, muzzle motions are
far short of measured values.

Shear Deformations

A1l calculations performed in Runs 60.01 through 60.35 in-
cluded shear deformations in the evaluation of the beam element stiff-
ness matrices; however, shear deformations were not included in the
interpolation functions. Neglecting shear deformations in the inter-
polation functions affects the magnitude and distribution of the ele-
ment forces, including "moving mass effects." A more consistent finite
element formulation is obtained when shear deformations are included
(or neglected) in all terms.

Results in Figures 8 and 9 (Runs 60.40 and 60.41) were ob-
tained with shear deformations in the finite element formulation. When
shear deformations are omitted for a weakly supported tube, the results
of Figure 11 are obtained. Except for the omission of shear, the run
is identical to that of Figure 9. The effect of shear deformation is
to stiffen the tube and create higher frequency oscillations at the
muzzle. Displacements and velccity change only slightly in magnitude,
but accelerations are increased by about 50%.
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FIGURE 10. EFFECT ON MUZZLE FIGURE 11. MUZZLE MOTIONS COMPUTED
DISPLACEMENTS OF BREECH UN- WITHOUT SHEAR DEFORMATIONS WITH THE
BALANCE TUBE WEAKLY SUPPORTED (RUN 60.42)

An increase in acceleration is produced by higher forces.
The net lateral force between the projectile and the tube is given in
Figure 12. Permitting shear deformations in the tube "smooths" the
Jateral force between the projectile and the tube and reduces the amp-
1itude of the peak by about 50%. From Table II, the angular deviation
of the projectile from the initial 1ine of fire is increased in magni-
tude by a factor of about 2.5.

Discussion of Results

In addition to the parameter studies performed for test
IDENT 06 in the vertical plane of motion, parameter studies were per-
formed for motions in the horizontal plane and in torsion. Also, muz-
zle motions were calculated for tests IDENT 08 and 10.
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3] Analytical and ex-

perimental results for
g | (a) Meglecting Shear Deformations (Run 60.42) the three tests are sum-
marized in Table III.
Except as noted, all re-
R sults are for the tube
g supported on weak
" — N, springs (essentially a
§ \\\\// free-free beam). Peak
values of muzzle dis-
8 I placement, velocity,
and acceleration are
$ 1 given for two different
time intervals labeled
as:
? ‘ (3
. time < T
(b) With Shea:: Deformations in the Interpolation and
. Functions (Run 60.41)
J//\\ time 5-Tme
5 o A
i \/ ' Tp is the time at which
the experimental data
8 end. It is given in
both fiducial time,
i which corresponds to
1 ° : 2 N . s . ’ . the time scale for the
o () experimental data, and
= in time which starts at
zero when the propel-
FIGURE 12. NET LATERAL FORCE BETWEEN lant is ignited. Zero
THE PROJECTILE AND THE TUBE time was established by

the first detectable

rise in chamber pres-
sure. Tpe denotes projectile exit from the tube. This value was cal-
culated from the tube length, calculated recoil displacements, and mea-
sured projectile motions. Because experimental data did not extend to
projectile exit, only calculated results are given in the second time
interval.

Peak values were determined according to magnitude. A sign
is given to show whether it peaked in the positive or negative direc-
tion. Because the muzzle accelerations osciilate about zero, both a
negative peak and a positive peak are given. Both positive and nega-
tive peaks are also given for velocity if they were significant. For
vertical motions, positive is up; for horizontal motions, positive is
to the right while looking down the tube. Torsion follows the right
hand rule with the positive axis pointing down the tube.
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Most of the observations made when comparing measured and
calculated values for IDENT 06 also hold when comparing with IDENTS 08
and 10. These include:

. Calculated motions lag measured values. This is true in
every case for time < T except perhaps for torsional mo-
tions of IDENT 08. Here the magnitude of the calculated
displacement exceeds the measured value, but velocity and
acceleration are low. The "lagging" of calculated motions
behind measured values is most pronounced in the horizontal
plane. In the horizontal plane, the breech lies on the
axis and no initial tube deflections were considered. Be-
cause of this, calculated motions of the muzzle are very
small until the projectile nears muzzle exit, at which
time abrupt motions occur.

If calculated values out to projectile exit are compared to
available experimental data, the magnitudes of calculated
displacements in the vertical plane are still much too low.
For this comparison, the ratios of measured to calculated
muzzle displacements are:

X 19.4 for IDENT 06
] -14.7 for IDENT 08
- 8.84 for IDENT 10

Muzzle velocities are low by an equal or greater factor,
but accelerations are low by a factor less than two.

Comparing calculated motions in the horizontal plane (for
time < Tpe) with the measured data, better agreement is
found between analysis and experiment than for the vertical
plane. This comparison gives, for the ratio of measured to
calculated muzzle displacements:

3.0 for IDENT 06
4.4 for IDENT 08
7.6 for IDENT 10

: Magnitudes of calculated velocities and accelerations agree
i well.

Magnitudes of calculated and measured torsional motions are
in good agreement. Calculated results for IDENTS 08 and 10
are for firm torsional support; even so, magnitudes of the
displacements agree fairly well. Velocities are underesti-
mated and accelerations are overestimated, if calculated
results out to Tpe are compared to measured values.

New observations can also be made when the results for IDENTS
08 and 10 are included in the comparisons. For IDENT 06, calculated {“)

'
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and measured displacements agreed in sign for vertical, horizontal, and
torsional motions. For IDENTS 08 and 10, measured displacements in the
vertical plane and in torsion are reversed in sign relative to both the
calculated values and to measured values for IDENT 06. Calculated tor-
sional displacements at the muzzle were produced by the torque from
projectile spin-up. This torque would reverse in sign only for re-
versed rifling. Thus, additional torques, omitted in the analysis, are
necessary to cause a reversal in torsional displacements.

Torques can be produced by the recoil spring and by the in-
teraction of the breech and the torque bracket. These torques would
have to exceed those produced by projectile spin-up to reverse the tor-
sional moticns at the muzzle. Alsn, these "additional torques" must
act during some firings and not others. Because clearances do exist
between the breech and the torque bracket, the direction of the net
torque and thus the direction of tube rotation may depend upon the po-
sition of the breech lug in the slot in the torque bracket prior to
firing. If the lug rests against the counterclockwise (chg side of
the siot (facing the muzz]eg, then clockwise (CW) rotations are permit-
ted (produced by torque from projectile spin-up). If the lug rests
against the CW side of the slot, then CW rotations are not permitted,
and perhaps a torque introduced into the breech by the torque bracket
produces CCW motions.

Calculated vertical muzzle displacements were produced prin-
cipally by breech eccentricity and initial tube droop. Other forces,
aside from these, which were not treated in the analysis, are necessary
to cause the reversal in calculated muzzle displacements. As for the
torques, these forces may arise from the recoil spring (eccentricity
in the restoring force) or from interactions between the breech and the
torque bracket.

We have examined the effect of lateral forces on the breech
produced by torque reactions. Variations of the breech force from
-8700 n to +8700 n produced only a small change in muzzle motions for
a tube which was weakly supported. The force applied in these studies
was determined from the torque produced in the torque bracket. This
torque was computed with conditions of zero "torsional clearance" in
the weapon (firm support).

Subsequent calculations for IDENTS 08 and 10 showed that the
breech reaction computed for IDENT 06 was low by a factor of 4,35. A
systematic study of the effect produced by the larger breech forces was
not made; however, calculations for IDENT 08 and 10 include the larger
forces, and the results in Table III are not substantially different
from those of IDENT 06. Although the effect of the larger breech force
cannot be predicted with confidence from these comparisons, we suspect
that it is still relatively minor. Thus, it seems unlikely that breech
reactions will reverse the muzzle dicplacements.
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Additional comparisons between analysis and experiment are
needed to resolve the discrepancies which have been observed. Recom-
mendations for further work are included in the next section.

Conclusions and Recommendations

Conclusions

Based on the work documented in this paper, we can draw the
following ‘conclusions:

Tube support stiffness has a significant effect on muzzle
motions up to shot ejection.

If measured'motions are correct, the gun tube behaves essen-
tially as a free-free beam up to times very near projectile
exit.

Moving mass effects, that is, the coupling of projectile
axial motions and tube lateral motions, are significant at
times near projectile exit. Response of the muzzle near
projectile exit is altered by the moving mass effects, but
is changed very little at earlier times.

Measured muzzle motions do not show the higher frequency ‘
oscillations in displacements which have been calculated.

Although measurements do not extend to muzzle exit, it ap-

pears that these motions are caused by the overturning mo-

ments produced by breech eccentricity, initial tube droop,

and perhaps other forces such as the "Bourdon force" which

were not considered. The magnitude of these motions obscures

smaller muzzle motions produced by projectile eccentricity.

These effects were observed analytically when comparing muz-

zle motions for a weakly supported and firmly supported tube.

. Forces at the breech caused by the interaction between the
t breech lug and the torque bracket do not have a significant
¥ effect on lateral muzzle motions.

Shear deformations have a significant effect on muzzle mo-
tions as the projectile is passing through the muzzle region. ;

- Recommendations

13 The studies performed and conclusions drawn indicate a need
: for additional research in several areas. Our recommendations for fu-
ture research are as follows:

For better comparisons of analytical results, tube motions
should be measured at additional points along the length of
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1.

the tube and perhaps on the cradle. In addition, these mea-
surements must extend to times past muzzle exit.

A definition of the interaction forces between the tube and
the cradle is necessary. If a continuous oil film exits be-
tween the tube and tube support sleeve, one approach to the
problem would be to define the nonlinear viscous forces pro-
duced by the oil film. Lubrication theory for radial motion
of two concentric cylinders indicates that, with an oil film
present, contact between the tube and the tube support sleeve
should never occur. The damping forces will increase rapid-
ly as the two coumponents approach each other, but high con-
tact forces may be avoided.

A more accurate treatment of projectile release from the
muzzle is needed. This should include the transition region
between bourrelet exit and exit of the aft rotating band.

The study of gun tube motions should be extended to include
a three-dimensional model. With the three-dimensional model,
certain effects which must be omitted in two-dimensional
ones can be treated. These include: (1) possible coupling
between tube torsion and lateral bending, (2) representation
of clearances in the weapon as annular spaces rather than as
one-dimensional variables, (3) more exact representation of
projectile motions at exit, and (4) gyroscopic moments on
the projectile produced by out-of-plane motions. The sig-
nificance of these effects will not be known until a three-
dimensional study is undertaken.

Further model development should be supported by experimen-
tation on a scale physical model that can be varied to es-
tablish precisely known boundary and initial conditions
rather than continuing on a set tactical system. Particu-
larly, control and accurate determination of mount and re-
coil conditions are required. Measurements should include:
(1) lateral and angular motions at several points along the
tube and in the receiver area, (2) projectile axial, later-
al, and angular motions in bore and during exit from the
tube, (3) recoil motions, and (4) chamber and projectile
base pressures.
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ABSTRACT:

A finite~element approach is used to analyze the dynamic response
of a gun barrel due to firing, A piecewise cubic approximation of the deflection
ensures continuity of deflections and slopes at the net peints, Initially, at all
net points, linear and angular displacements and velocities are prescribed.
This arbitrariness in the initial conditions allows for initial residual motions
from the preceding shot, A digital computer program based upon the analysis
has been developed, The program may be used for the period during which the
projectile is in the barrel and also for the period after the projectile leaves the
muzzle by setting terms pertaining to the projectile and the gas pressure equal
to zero, Horizontal transverse vibrations of the barrel may be treated by dis-
carding the acceleration of gravity, The projectile is treated as a point mass.
Consequently, balloting is not covered by the theory. The effects of a gun-
barrel tuning mass, eccentricity of the breech, and eccentricity of the recoil
mechanism are included.

The differential-difference equations ere linear, and of second order,
They are solved numerically for the displacements, slopes, velocities and
acceleration at all net points, The slope and the lateral velocity at the muzzle
are particularly impoxtant because of their influence on the accuracy of the
shot, Numerous numerical results have been obtained. An interesting result
is the effect of eccentricity of the recoil mechanism,
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EXCITATION OF A GUN BARREL DUE TO FIRING

HENRY L. LANGHAAR, PROFESSOR
ROBERT E. MILLER, PROFESSOR
*ARTHUR P, BORESI, PROFESSOR

UNIVERSITY OF ILLINOIS
URBANA, ILLINOIS 61801

1. DESCRIPTION OF THE MATHEMATICAL MODEL, Figure 1 represents |
a gun barre! with mass M and elevation angle a. Axes (x, y) move axially |
with the barrel as it recoils, but they undergo no lateral displacement. The
projectile is regarded as a point mass m, Balloting is not considered., A
short time t after firing, the projectile lies in the barrel point x = £ (t), as :
shown i{n Fig, 1. The axial velocity of the projectile relative tc the breech is t
v (t) =£. The axial frictional force of the projectile on the barrel is F (t). :
The gas pressure driving the projectile is p (t). There is a tuning mass :
with constant coordinate n. Its center of mass is considered to lie on the ;
axis of the barrel. Its moment of inertia about a transverse axis through its_
center of mass is I.T The breech is regarded as a rigid block with mass M !

and moment of inertla T about a transverse axis through its center of mass.
The location of the center of mass of the breech is defined by two lengths, e
and d, shown in Fig. 1. The axial recoil displacement is u (t). The recoil
spring and the recoil dashpot are assumed to be linear. Their constants are
(a.B, “B)’ and their eccentricities are (e',e'), as shown in Fig. 1.

If there is initial bending of the barrel due to weight, unsymmetrical
thermal gradients, or manufacturing tolerances, the bending is aggravated by
inertial interaction between the barrel and the projectile, Axial friction F (t)
also excites motion of the barrel. Another disturbance cornes from the so-
called Bourdon effect, which arises because, in the bent barrel, the area of the
bore above the neutral plane, or which the gas pressure acts, is slightly
greater than the area below the neutral plane, Still another effect contributing
to bending of the barrel is axial inertia of the recoiling barrel and breech,
This is especially influential if the breech is eccentric. (See Ref. 1),

The barrel is regarded as a tapered elastic beam, having strain energy
per unit length proportional to the square of the curvature. The origin x =
y =0, lies at the breech. The barrel is divided into intervals by points x,=0,

X1y Xoy sesasy Xy where x, is the coordinate of the muzzle (Fig. 1). These

points need not be equally spaced, In the j'th interval (x j-1° xj), we approx-
imate the deflection by a cubic function:
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y=ag)+ajlx+ajzx2+aé; xj_lsxs_.xj (1)

al = Ai Vyp * B yy + ci 6y + Dja J ()

where 6 ] =y' , in which the prime denotes the derivative with respect to x.
The coefficients Ai, Bi , Ci , D(jz are chosen so that y and y' are every-

where continuous. The structure supporting the barrel and the breech is re-
garded as a set of independent linear translational and rotational springs and
dashpots at all net points, These elements are assumed to be attached to an
immovable bed, The spring constants and the damping constants for thetrans-
lational and rotational springs amd dashpots at point xj are respectively

(aj' ai) and (u P pi). At a node where there is actually no supporting spring

or dashpot, the spring constants and/or dashpot constants are set equal to zero
in the computer program. Spring and dashpot supports are not shown in Fig, 1,
except for one lateral spring at the breech, with constant ag For more

detail on the breech effect, see Ref, 1.

2, METHOD OF ANALYSIS. An initial-value problem is considered, At time
t = 0, the projectile lies at point Xy i.e., £(0)=0. Also, v (0)=0, where

v is the axial speed of the projectile. At all net points x j' the linear and ang-
ular displacements (y i ) j) and the linear and angular velocities (3} e ) j) are

prescribed for time t =0, This arbitrariness in the initial conditions allows
for initial residual motions from the preceding shot in a rapid-fire gun,
The generalized coordinates are the deflections y ] and the rotations 6 i

at the net points, Also, the recoil displacement u and the projectile coordinate
£ may be regarded as generalized coordinates, Alternatively, u and £ may
be regarded as known functions of t, The components of generalized forceare
the coefficients in the expression for the virtual work 5W, Contributions to
&6W come from the action of gravity on the breech, barrel, and projectile, from
axial friction F (t) on the barrel, from the Bourdon effect, from the axial in-
ertia of the recoiling barrel and breech, and from the strain energy of bending
of the barrel. The complete expression for 6 W (which is too lengthy to write
here) provides all components of generalized force, (See Ref. 2),

'The kinetic energy T of the system is the sum of the kinetic energies
of translation and rotation of the breech, the segments of the barrel, the pro-
jectlle, and the tuning mass. Hamiiton's principle,

t

1
f 6T +6W) dt =0 @)

)

yields the Lagrangian equations of motion for the system, With this approach,
conservatism of the forces is not demanded, Discontinuities occur at the in-
stantaneous location of the projectile, since, for example, the gas pressure
behind the projectile, causing the Bourdon effect, terminates there, However,
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discontinuities do not obstruct the finite-element method that is used, This is
an advantage over the traditional approach via the differential equation of
beams, since, with the latter formulation, the action of the projectile is de-
scribed by a Dirac delta function or a Heaviside step function, These anoma-
lies are avoided by the finite-element treatment,

The Lagrange equations are linear, second-order, differential-
difference equations for the unknown functions y i (t) and © i (t). A computer

program baced on Newmark's beta method has been deviged for solving them
with arbitrary initial values yj (0), © i (0) and yj 0), © i (0). (See Ref, 3).

Vertical bending and lateral bending of the barrel are decoupled in a linear
theory, Both of these types of deformation are covered by the program. For
lateral motion, there is no gravitational effect,

The program provides the history of the motion of the barrel from the
initial instant t =0 until the projectile leaves the muzzle. Also, it may be
used for the period afte. the projectile has left the muzzle. In that rase,
p=0, F=0, and all other terms pertaining to the projectile are dropped.

To implement the program, we must know the recoil displacement
u (t), the projectile displacement ¢ (t), the base pressure on the projectile
p (t), and the frictional force F (t). If £ (t) and p (t) are known, F (t) is
determined by applying Newton's law to the axial motion of the projectile. In
applying the program to an actual gun, we must estimate the spring constants

(aj, a}) and the damping constants (pj, p:) of the supporting structure, Be-

cause of the complicated nature of the structure and the peculiar damping
devices in use, this may be difficult.

Of especial significance for the accuracy of shooting are the muzzle
slope en and the muzzle velocity y, at the instant when the projectile leaves

the barrel. The program permits a study of these quantities corresponding
to various motions and deflections of the barrel at the instant of firing.

3. EXAMPLES OF DATA AND RESULTS. Some results have been obtained
for an approximate model of the Rarden gun. The following data were used:
(See Fig. 1): £ =96 inches (the first 21 inches tapered and the remaining 75
inches uniform; the bore is 30 mm with outside diameter of the uniform sec-
tion taken as 1.70 inches). The barrel was modeled by ten finite elements,
The effects of the breech and flash hider were included, The barrel is taken to
be supported laterally by two springs, one located at the breech and the other
at a bearing 21 inches from the breech. The exact stiffnesses of the two lat-
eral springs are not known, Hence, a range of values was used k = 10%, 10°,

106 (Ib/in.). In addition, there is a pad arrangement located at 54 inches
from the breech. The pads are modeled by 4 spring and dashpot. The data
shown in Table 1 give values of the displacement and slope of the muzzle for
the time at which the projectile exits (3.6 millisec) and also for a later time
(10 millisec). Results are given for cases with pads and without pads (that is,
without spring and dashpot).

In Table 2, natural frequencies for the Rarden model are given with
and without pads and for the same values of k,

In general, we note from Table 1 that the deflections at 10 millisec-
onds are two orders of ragnitude larger than that at projectile exit, The
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slopes are also larger by a factor of 5 or more, Without pads the deflections N
and slopes at 10 milliseconds are approximately twice the muzzle deflections :
and slopes with pads, The deflections at projectile exit are of the same order
with or without pads. However, the muzzle slopes at projectile exit are rough-
ly twice as large for the case without pads.

From Table 2, we note that a change in support stiffness k from 104

1b/in. to 10S Ib/in, results in a large change in frequencies (except for the

first mode). However, a change of k from 105 1b/in. to 106 Ib/in, produces
little change in the first three frequencies. Seemingly, only the first two fre-
quencies are affected greatly by the pads.

e 7T TR R R e s T

TABLE t. DEFLECTION AND SLOPE AT MUZZLE OF RARDEN
GUN FOR VARIOUS VALUES OF SUPPORT STIFFNESS,
"WITH AND WITHOUT PADS

With Pads
t =,0036 sec, t =,0100 sec,
k (b/in.) Defl. (in.) Slope Defl. (in.) Slope
104 -1.58x 1070 5.20x 100  -157x107° -116 x 1076
10° -1.27x 1073 5.95x 100  -102x107° -37,7x 1077
108 1,29 x 107° 5.75x10°%  -96.9x10°  -24.9x 107
Without Pads
t = .0036 sec. t =.,.0100 sec.
k (Ib/in.) Defl, (in.) Slope Defl. (in.) Slope
10t +s82x105 17.1x 100 -397x 1073 -297 x 10”6
T 10° -1.19x 1072 13.7x10°%  -222x107° -87.4x10°°
100 -1.51x 1070 12.1x 1076 -212x107° -69,7 x 1076
‘,
] 'R
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TABLE 2. NATURAL FREQUENCIES OF RARDEN GUN
With Pads
—
k(lb/in. ) 104 105 106
f(hz)-,
f, 12.0 12,0 12.0
£, 50, 8 59,3 60. 4
\ fy 76.0 148.0 154.0
& .
§ fy 114.1 225, 4 308.4
i £ 206. 0 289.0 449.3
£ 340. 5 425.4 530.9
¥
i Without Pads
k(Ib/in. ) 4 5 6
L e, 10 10 10
f 6.67 7,40 7,49
: f 42.8 51.3 52.5
;
fy 75.9 148.0 153.9
h £, 113.8 225. 4 307.0
* ts 205. 3 287.7 449, 2
f 339.6 425.3 530. 8
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TITLE: Transverse Response of Gun Tubes to Curvature-Induced
Load Punctions
THOMAS E. SIMKINS,
US ARRADCOM
Benet Weapons Laboratory, LCWSL
Watervliet Arsenal, Watervliet, NY 12189
ABSTRACT:

This study investigates transverse tube loadings induced by
initial curvature of the tube. Several load functions are derived, two
of which are investigated in detail in connection with the 105 mm, M-68
tank gun. Displacement, velocity and slope of the muzzle are given as
functions of time through shot ejection. Calculations are based on a
Galerkin procedure using as basis functions, ten splined eigenvectors
computed using the NASTRAN finite element code. In general it is found
that the recoil of a curved gun tube in the absence of strong supports,
ylelds the greatest response at the muzzle compared with that due to
the traveling asymmetric pressure and the moving mass projectile mass.
The latter exhibit important wavelike characteristics, however, and
may peint the way for further research.
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TRANSVERSE RESPONSE OF GUN TUBES TO
CURVATURE- INDUCED LOAD FUNCTIONS

THOMAS E. SIMKINS, PHD.
BENET WEAPONS LABORATORY
WATERVLIET ARSENAL, WATERLVIET, NY

INTRODUCTION

The work which follows shows how transient bending vibrations
may arise during firing due to tube curvature. Tube motions predicted
at the muzzle are of sufficient magnitude to explain a portion of the
error realized at the target. Three sources of curvature-induced
vibration (1) are treated in detail.

An appreciable effort has been made in the interest of real-
ism. Highly detailed tube geometries and interior ballistic curves of
pressure and projectile travel have been included in the analysis.
Wherever possible, use has been made of the large, widely accepted,
NASTRAN (NAsa STRuctural ANalysis) finite element computer code.
Though NASTRAN is quite versatile, it is not particularly well suited
for handling curvature-induced load functions which require special
programming.

TRANSVERSE (BENDING) MOTION OF GUN TUBES - CURVATURE INDUCED LOADS

In 1959, measurements by Gay and Elder of the US Army Ballis-
tics Laboratory (2) showed that the muzzle motions of a 90 mm tank gun
at the time of shot ejection are very small but yet significant in
explaining a portion of the error realized at the target. Typical
rotations and displacements at the muzzle, for example, were of the
order of 10-! milliradians and 10~2 inches, respectively. The theory
of gun tube motion by which explanations were sought for these obser-
vations assumed that the motion was due solely to a mass eccentricity
at the breech which produced a sudden inertial moment upon recoil.

The theoretically predicted motion, however, was often much smaller in
magnitude than that observed. In the work that follows it will be
shown that loads resulting from the initial curvature of the M-68,

105 mm gun tube can also produce muzzle motions of these magnitudes
and should therefore be included in future analysis.

N
S

1-67

S e L R e

T O U S T D T SNEAT ol Sy Trere b e e S S U - .




TR T TEERTTE R TR T SRR e o T T R T, T R TR TR e T TR e AR R T R T AT e

SIMKINS

$ v & Each of the loads induced by the

curvature of the M-68 depend in

one or more ways upon the ballis-

tic pressure and projectile travel

versus time. The Recoil Load

function, for example, requires

¢ either the knowledge of the
chamber pressure (PC vs. t) and
the recoiling mass or, more
directly, the deviative of the
velocity, V(t). On the other hand
the 'Bourdon' load function
requires the ballistic pressure
distribution to the rear of the

PS projectile for which an average of
the chamber pressure PC, and the

: v v ' pressure at the base of the pro-

TIEAE (M".?JSECONDGS) 8 jectile PS, is used. The neces-

sary information for these calcu-
Figure 1 - Internal Ballistic lations is shown in Figure 1.
6urves for the M-68,

240

“[FPS % 1000)

ﬁ§E§1RE sémn *4q39
ﬂuwa.égwue

VELOCITY

PC

80
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Recoil Loads

During the recoil of a gun tube there results an axial load
per unit length which is equal to the product of the recoil acceler-
ation, a(t), and the mass per unit length of the tube p(x); i.e.,

Y ’ W(x,t) = -p(x)a(t) (1)
X When the tube is curved, this
load creates a moment at any
- X ] location x, along the tube,
ec(t) Y(X,t) Y(%.t] Referrir.xg to Figure 2, the total
+ ’ moment is given by the integral:
L . -
Figure 2 - Inertial Moment Due M(x,t) = [ -w(x,t)[y(x,t)
to Recoil. X
-y (x,t)]dx (2)

Differentiating twice with respect to the space variable x gives the
Tesultant transverse load intensity due to recoil: [ (') = 3/3x ]
L

£ (x,y'y",t) = a(t){p(x)y' (x,t) - y"(x,t)f p(E)dE} (3)
X
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'Bourdon' Load

If a gun tube is curved, the bore surface area becomes
asymmetrically distributed about the central axis owing to the relative
extension and contraction of the material. From the geometry of Figure
3 one can verify that the net difference in area is given by the
integral:

2T
/ (-§- $in+1)asin®dedx = -maly"dx (4)
0

where R™! has been replaced by -y".
The applied ballistic pressure there-
fore produces a resultant transverse
load intensity:

£20,y",t) = -p(x,t)may" (x,t)  (5)

p(x,t) is a traveling ballistic pres-
sure function, i.e.,

P(x,t) = Py(t)H(E-x)

Figure 3 - Curved Section of H(z) is the Heaviside unit step func-

Tube. tion and £(t) represents the distance
traveled by the projectile along the

bore. (f; has been called the 'Bourdon' Load because of its similar-

ity to a straightening Bourdon tube upon pressurization. Actually,

the two effects are completely different and the term 'Bourdon' Load

is a misnomer.)

Projectile Loads

If the projectile is assumed to be a point mass m,, travel-
ing a curved bore axis which changes in time, it can be shown (3) that
there results a transverse load function containing Coriolis, centri-
fugal and transverse accelerations, i.e., [ (*) = 9/9t) ]

£o = -mp[¥ ¢ 2yt + Viy" + g8 (x-£(t)) (6)

where §(z) is the Dirac function and £(t) = Itth, where V{(t) is the
projectile velocity. g is the gravitational 0 constant.

Equation of Motion

Using Euler-Bernoulli beam theory, the displacement y(x,t)
from the undeformed (straight) neutral axis of the tube must satisfy
the partial differential equation:

(EIy")" + p(x)¥ -fy - (EIY")" = 0 @
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where I(x) is the area cross section moment of inertia and E is Young's
Modulus of Elasticity. The last term on the right hand side of (7)
represents the static load intensity corresponding to an initial
deformation Y(x).

The initial conditions are: y(x,0) = Y(x) and y(x,0) = 0 (8)

The load functions fy (k = 1-3) will be considered in turn.
It is to be noted, however, that the beam motions due to each load
function may not be superposed as the linear operators involved vary
with the particular load function considered.

It is convenient to first define y(x,t) as the displacement
as measured from the initial curve Y(x). Thus (7) becomes:

(EIF")" + p(x)y - £ = 0 )

It is to be noted that (¥+Y) now replaces the variable y in each of the
fy. The initial conditions in terms of y are homogeneous:

¥(x,0) = ¥(x,0) = C (10)

Static and Dynanic Support Conditions

The support (boundary) conditions which prevail prior to
firing may not be appropriate during the interior ballistic cycle. For
the purpose of calculating the initial static gravitational deformation
Y(x), the M-68 tube is assumed to be cantilevered from its two mounting
points near the breech. Actual vibration records indicate that the
.mount connections are far from rigid, however. In fact, good agreement
between calculated and experimentally observed natural frequencies is
obtained only if the tube is regarded as virtually unsupported during
the ballistic cycle. The dynamic boundary conditions are therefore
assumed to be free.

The partial differential equation (9) can be transformed into
a set of N - ordinary differential equations in time via the Galerkin
procedure (4) in which the basis functions are chosen to be the natural
modes of vibration of the unsupported M-68 tube. Using the NASTRAN
finite element program, these mode shapes, W;(x) - as well as the
initial gravitational deformation function Yix) - are determined at
nineteen points along the tube. Between these points the shapes are
interpolated by cubic spline functions. The approximation for ¥ in
terms of the mode shapes may be written:

N
y(x,t) = ] aj(t)W(x) (11)

i=]
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The Galerkin procedure, in variational form, consists of_
multiplying the differential equation (9) by &y, the variation of y,
and integrating over the length of the tube:

z - (13
[ (CEIy")" + p(x)y - £i}6ydx = 0 (12)
0
Substituting the expression for y from (11):
2 N .
J {1 [a3(e) (BIN™)" + p(x)E W;] - £} Z WySazdx = 0 (13)
0 i=] i=1
The W; are orthogonal with respect to the density function p(x):
2
[ o(x)W;Wydx = 8, (14)
0 w
and since the W; are eigenfunctions of the free vibration problem:
(EIN;")" = p(x)wy *Wy (x) (15)
where §;; is the Kronecker delta, vanishing unless i = j whereupson it
has unit’value, and the w; are the natural frequencies of the unsup-

ported tube,

Substituting (14) and (15) into equation (13) results in N
‘ordinary differential equations of the form:

L
iii + wizai - ! fk widx =0 (16)
0
From (10) it is clear that the initial conditions on the ai(t) are
homogeneous, i.e.:
a; (0) = 61(0) -0 (17)
(a) Recoil Load Function (k=1) -

In this case (16) becomes:

N
ay + wylay + jZEAij(t) - Byy(t)]ay = Cy (1) (16a)
i=1¢toN
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A;j; derives from the y'" terms in (9) while B;j;(t) reflects the slope
dependency, y'. C;(t) is due to terms in the initial deformation
function Y(x).

(b) Bourdon Load Function (k=2) -

For this case (16) becomes:

& + wjla; + ma?P(t) 2 Dlj(t)a = -maP (t)E, (t) (16b)
JB
i=1¢toN

(t) derives from the y' term in the 'Bourdon' Load function while
Elit) is due to the initiai deformation Y(x).

(c) Projectile Load Function (k=3) -

ng{A jE)E; + 25 (E(1))ay + 8;5(E(e))ay) +

d; +wjtay = Q(E(E),t) (16c)

The A;; are coefficients deriving from the transverse acceleration of
the tuge at the projectile position £(t). The ‘A derives from the
Coriolis acceleration of the projectile at £ and JS from the centri-
fugal acceleration. . is a linear combination of tﬂxee terms repre-
senting the centr1fugai force of the pro;ectlle solely due to its
traversing the initial curve Y(x) plus the moving weight of the
projectile, mpgé(x-E).

The systems represented by equations (.6) and (17) for k = 1
through 3 were each solved numerically using 4th order, variable time
step Runge-Kutta integration.* In practice a value of N = 10 gave
satisfactory convergence. These included two rigid body modes (wl =

= 0) representing plane rotation and translation and eigat vibration
modes of finite frequency.

*While there are many algorithms requiring less computation time, none
has been found more accurate or trustworthy. In fact, the Runge-
Kutta algorithm is often chosen as a standard for comparison.
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RESULTS AND DISCUSSION

Figures 4 through 6 represent the responses of the M-68 gun ~
tube to recoil, asymmetric ballistic pressure {(the 'Bourdon' effect),
and the moving projectile. The magnitudes shown in each of the figures
are comparable with those predicted by Gay and Elder (5) in connection
with eccentric breech inertia in the T-139 tank gun. This indicates
that curvature-induced louds should be included in any theory of gun
tube motion during firing.

A fundamental difference is apparent between figures 4 and 5,
and is especially obvious in comparing the time histories of the tube
shapes, i.e., figures 4a and 5a. Whereas in 4a the motion is well
developed along the entire tube length, the motion in 5a is much more
wavelike and muzzle displacements remain comparatively small through
shot ejection. This di‘ference is due to the fact that the recoil
inertia load acts instantaneously* over the entire tube length whereas
development of the 'Bourdon' load proceeds at projectile velocity.
?oreover, the recoil loading ccnsists of two parts (cf. equation 3).

f evaluated near time zero, these two parts consist of a downward
load proportional to the initial curvature (Y") and therefore stronger
near the supports, and an upward load proportional to the initial slope
(Y') more intense near the muzzle. The two act in unison to encourage
a rotation of the entire tube. The large mass at the breech, however,
tends to anchor that end of the tube. The result is the deformation
shown in figure 4a. The Bcurdon load, on the other hand, consists of
only one part (cf. equation 5). This part, being proportional to
curvature is greatest near the supports and tiails off to practically
zero value by mid-length of the tube., Muzzle displacement must there-
fore await the arrival of a disturbance originating from the support
end of the tube.

A similarity is also apparent comparing figures 4 and 5. The
time histories of the slopes at the muzzle - prebably the most important
of all the response curves - show a definite similarity in that little
muzzle rotation occurs during the first half of the ballistic cycle.
This delay represents the propagation time for a disturbance established
near the supports (where Y'" is largest) to reach the muzzle.

Figure 6 shows that the moving projectile definitely produces
tube motions of higher frequency though in general these reach the
muzzle superposed on the same mode shapes as that on which the 'Bourdon‘
response progresses (cf, figures 5a and 6a). Figures 6b, ¢ show clearly
the higher frequency realized at the muzzle. A 'peak-to-peak' measure-
ment indicates this frequency is very nearly 1 khz. The amplitudes
displayed in figure 6 are almost equal to those of figure 5, both being
considerably less than those of figure 4,

*The tube is assumed axially rigid in the analysis.
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CONCLUSION

To completely account for the motinns of a gun tube prior to
shot ejection several effects must be considered, among them the effects
of tube curvature., Of particular significance is the muzzle slope at
the time the projectile arrives. Slope values are particularly sen-
sitive to sudden disturbances which originate near the support or
breech end of the tube and propagate in wavelike fashion reaching the
muzzle prior to shot ejection. This is exemplified in the case of
the Bourdon load and strongly suggests an opportunity for further
study as the supports themselves may create strong forces as clearances
are abruptly taken up during the initial phases of recoil. The result
may significantly strengthen rotations of the muzzle at shot ejection.

The capability of introducing high frequencies of vibration
is probably the most important consequence of the projectile load
function. It is possible that this effect may be amplified consid-
erably when projectile spin as well as projectile imbalance is taken
into account.
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1. INTRODUCTION

Automatic weapon mechanisms represent a unique class of
mechanical systems inwhich numerous complex mechanical activities

take place. A bolt is unlocked from the barrel, a cartridge is
ejected, the hammer is driven back and cocked, buffers are engaged,
and parts are cammed relative to each other. This multiplicity

of functions is accomplished periodically, with a rate varying

from one cycle per second to more than 2000 cycles per second.

Each cycle of this motion may be divided into a sequence of time
intervals, in each of which a distinct system of differential
equations governs the motion, Since the geometry of the mechanism
and the number of masses moving in any particular time interval
vary, the dimension of the state variable (the positions and veloc-
ities of the moving parts) varies as the motion proceeds. At those
instants when the state equations change, jump conditions are defin-
ed that play the rcole of a set of initial conditions for the next
time interval, based on the motion that occured in the preceding

time interval; e.g., a momentum balance due to impact that occurs at
the transition time. Further, these transition times arec variable,
depending upon past states of motion of the mechanism and upon var-
iations of loading impulse, friction within the mechanism, and many
other factors,

The academic literature on dynamics of mechanisms with inter-
mittent motion is extremely limited., The peculiar nature of Army
automatic mechanisms dictates that the rather extensive defense lit-
erature on this subject be heavily utilized. References 1 and 2
are cited as illustrative of the type of automatic mechanisms to be
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considered. A comprehensive and simplified analysis of automatic
mechanisms (including blow back operated, recoil operated, gas oper-
ated, revolver, and multibarre! extecnally powered) is presented in
Ref. 3. The representation of mechanism dynamics is, however, ade-
quate for only first order anlysis. As one might expect, a rather
comprehensive literature exists on mechanism dvnamics of the MLI6AL,
as reflected by Refs. 4 through 8. Supporting these MICALl analyses
are a number of specialized analyses. such as Refs. 9 through 11,
Analysis of extremely high rate mechanisms includes Kefs. 12 through
14,

Given the capability to analytically describe the dynamic per-
formance of such multi-state systems, the problem becomes one of de-
sign sensitivity analysis and optimization. The designer wishes to
know what the effect will be of his systematic variation of design
parameters; e.g., spring constants, cam position, cam shape, compon-
ent mass, mechanism geometry, and mechanism dimensions. He iust
also be able to predict the effect of variation in parameters, over
which he has little control; e.g., friction, variation in gas port
performance, variation in temperature, and variation of geometry.
First order sensitivity analyses have been performed using prelim-
inary models by direct parametric variation techniques {4, 8, 15].
While these studies are valuable first steps in developrag sensiti-
vity analysis and design techniques, they lack the accuracy to be
, applicable in development of advanced sensitivity analysis and de-

’ sign optimization techniques. An in-depth treatment of sensitivity
3 analysis and optimization of the ARPA 75 mm automatic mechanism was
reported in the first sympesium on gun dynamics [16] and in Ref. 17.
The method developed in these references employs cptimization tech-
niques [18] that have been developed for mechanical system design.
Encouraging as these results are, the nethods used are not well-
suited for large scale problems.

Distribution theoretic techniques that have re¢cently appeared in
the literature [19] for mechanical system dynamic analysis are used
. here to develop a unified method for analysis of automatic mechanisms
; with intermittent motion. Section ? uses an idealized wrodel to
9 illustrate formulation of system dynamics with intermittent motion.
A method of design sensitivity ar lysis that is compatible with this
- modeling approach is presented in Section 3. The validity of repre-
1 ‘ sentative sequence approximations is verified, using distribution
: theoretic analysis, in Section 4. Finally, application of the meth-
! od to a realistic model of an automatic rifle is presented in Section
5.

2. DISTRIBUTION THEORETIC METHODS IN DYNAMIC ANALYSIS

The principal tool employed in the method presented in this
paper is representative sequence approximations of distritutions.
The well-known Heaviside-step function, the Dirac § function, and the
{ unit doublet that are employed in various areas of mechanics are

approximated by smocthly varying functions that provide the effect of

{
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the distributions in the limit. Illustrations of these approximat-

ing functions are shown in Fig. 1. It is shown in the following
section that one can replace the distributions in representation of

the dynamic system by the smoother representative sequences and
achieve as high a degree of precision in the approximation as desir-

ed.

L'

- -

-
-
PR e

-
-*

Figure 1. Heaviside-step, Dirac- &, Unit Doublet, and
Their Representative Sequence Approximations.

To illustrate use of distributions in dynamic analysis, consider
the idealized schematic of Fig. 2. Here, one envisions a bolt mass
m, which is driven by a drive spring k; and which encounters a cartridge
located initially at rest at position x_. These two masses are sub-
sequently locked together during continted motion and seating of the
round. At position x,, the pair of masses encounters resistance at
the bolt face, represented by a stiff spring k2‘ The conventional
logical time modeling of this system would require the following syst-
em of pieced differential equations, which are valid only in separate

intervals of time:

A K "2
3""/‘/‘4"‘"" ml E ::-'D X
—mi—Ff
< t

Y
X
a b X,
Figure 2. Idealized Mechanism Schematic.
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mli + k(x-25) =0, X <x, (1,a)
(my+my)x + ky(x-2,) =0, X, <X <X, (1,b)
(mp+m)x + ky(x=25) + ky(x- x) =0, x> x (1,¢)

Equations 1 clearly indicate the discontinuous nature of mass
and the variable form of applied forces, even for an extremely sim-
ple idealization of three elements of a weapon mechanism. In addi-
tion to these equations, certain balance conditions must be imposed
to provide modification of initial conditions and the logical time
at which x(ta)= x_. Specifically, momentum before impact must equal
momentum after impact, which is m Xx(t_-)=(m, +mp) x(t_+). This
condition allows the analyst to integrate the equation of motion
(1,a) up to the point x=x_, to stop the integration process, and
to restart using initial conditions x(t_+) =x(t_~) and x(t_+) =
mlk(t - )/(ml'*mz)- As the number of mechanical elements maﬁing up
a"system grows, the number of possihle logical behavior conditions
grows rapidly. Thus, analysis using logical times becomes quite
cumbersome.

As an alternative to this piecewise analysis, one can formally
write the equations of motion -using the Heaviside function L of
Fig. 1, to obtain the single equation of motion

lL-[{ml+ L(x - xa)mz}i] + kl(x-lo) +k2(x-—xb)L(x- xb) =0

dt B
(2)
it is important toc note that when variable mass occurs, Newton's
equations of motion must be written in the form ''rate of change of
momentum equals applied force', as in Eq. 2. Even if one employs
the strictly discontinuous nature of the Heaviside-step function in
Eq. 2, he must implement additional computer simulation that effect-
ively reduces to Eqs. 1. However, using the representative sequence
smooth approximation of the Heaviside-step function as illustrated in
Fig. 1, one can use a standard numerical integration code to directly
integrate Eq. 2. This approach is intuitively appealing, but raises
questions concerning the validity of numerical approximation, The
analysis of Section 4 of this paper illustrates that replacing the
Heaviside-step function and other distributions by smooth approxi-
mating sequences is completely valid and that arbitrarily fine pre-
cision can be achieved. Thus, one reduces the essentially discon-
tinuous problem to a problem involving only smooth functions. A
major advantage of this is that numerical integration can
proceed without the logical requirement to stop and reformulate
equations of motion and initial conditions. This operation is
accomplished automatically by the representative sequence problem

11-5
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formulation,

A second attractive feature of the distribution theoretic approach
is the ability to represent the time at which a certain event occurs
in the integral form

13

= t - X N

t. L)t Lt (x xc)xdt (3)
where T is the total time interval and is greater than the time t. at
which x(t_ ) equal x_ . The function L' here is the formal derivative

of the Hedviside-st€p function, hence it is the §-function. If the
pure distribution theoretic interpretation of L' is used, no computa-
tional advantage accrues. However, if the smooth representative se-
quence approximation of L' shown in Fig. 1 is employed, then numeric-
al computation can allow evaluation of the event time t. by Eq. 3.
This formulation fits in nicely with the distribution theoretic model
outlined in the foregoing and provides the designer with a method of
evaluating and controlling such things as cycle time, time available
to feed, and other time variables that play an important role in per-
formance of an automatic weapon,

3. DESIGN SENSITIVITY ANALYSIS

The designer of weapon mechanisms would be greatly aided in
his work if he knew how sensitive the behavior of a proposed mechanism
is to variations in design parameters such as masses, spring constants,
dimensions, damping coefficients, and moments of inertia, For anal-
ysis, the behavior characteristic to be examined must be expressed as
a mathematically definitive quantity, such as time between events,
maximum displacement, maximum force, stress, and maximum velocity.

The quantities that the designer needs are sensitivity coefficients,
defined as the change in the behavior functional due to a small change
in design parameters. The presence of intermittent motion greatly
complicates the determination of these coefficients, as well as the
analysis of time histories of displacement, velocity, and force.

Weapon mechanism performance is subject to certain constraints
that restrict the selection of design parameters. For example, total
weight cannot be more than a given value or rearward travel of the
bolt must be no less than a certain amount if a new round is to be
fed. Thus, the designer would also like to know how sensitive the
constraint relation is to changes in design parameters. For example,
will a small reduction in round impulse greatly affect the ability

: of the mechanism to meet its constraint on minimum rearward travel
¢ of the bolt?

Design derivatives of these behavior characteristics and con-
straints can be put into the form

OT Y 3 T
L = Tb— = 5—5 L ho(t,X(t),b)dt (4)

11-6
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subject to the equation of motion

dx

FT f(t,x,b), 0 <t << (5)
and equality/inequality constraints
T =0, a=1,...,r"
v = Lh (t,x,b)dt (6)
@ o <0, a=1r"+1,...,r

where beRm, xeRn, and matrix calculus notation [18] is used. Design
sensitivity analysis methods are developed in great detail in Refs.
18 and 20. These methods are presented here only in summary form.

Due to a design change &b, the state of the system x(t) will
change by an amount §x(t) that is determined by a linearized form
of Eq. 5

'dd? §x = §§ 5x + g—g b, 6x(0) = 0 (7)
One may also linearize Eq. 6 to obtain
{T aha Bha
Gwa = (—aT 5X+a—b Sb) dt (8)

by

To write Eq. 8 explicitly in terms of b, one introduces the adjoint
equation

- oh
o= - o L@ =
A= 5% = A(t) =0 (9)
which is integrated from t = T back to t = 0. Integrating the iden-

TX + 6x1X fromt = 0 to t = 1 and using Lqs. 7 and

tity -di (5xTA) = 6%
t
9 one Thas
T
T T T T 2h
_ Toaf Taf T af T
0 = L) 5 x X A+ &b b A - 8x X A - 68X I dt
or
T 3h T
J =2 sxdt =J 2T 2L b ar
0 0
Substituting this into Eq. 8 yields the desired relation for Gwa

T 3h
_ T af a
dwu = L (A 35 Sb + 5 db) dt

Since &b does not depend on time, this is

T 3h T
_ Tof a a
Gwa = [L (A 55 * 35 )dt]éb £ 6b (10

PP Nl 1
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The designer can now calculate design derivatives of response
measures bv evaluating the vector 2, a = 0,1,...,r, of sensitivity
coefficients. The only calculations required are to solve the ad-
joint problem of Eq. 9 and evaluate the integrals in Eq. 10. These
calculations have been carried out for large classes of control and
design problems [18,20], with reliable results. Here the method
is applied to the intermittent motjon mechanism problem, as repre-
sented ty the distribution theoretic (logical function) approach of
Section 2.  Theoretical justification for this approach is present-
ed in the following section and a large scale application is present-
ed in Section 5.

4, CONVERGENCE OF THE APPROXIMATION FOR A SIMPLIFIED MODEL

To illustrate sensitivity analysis by the distribution
theoretic approach described in the previous sectiens, the mass cap-
ture model of Fig. 3 is considered in detail. The convergence of
the method is proved here for this simple system and is treated for
a broader class of systems in Ref. 20.

of— s ———S——-I J

-

Figure 3. Mass Capture Model.

Let mass m, move with constant velocity v, from x = 0 and seize
mass m, at x = % . Ler t, and t, be the times when mass m, reaches
x = s, and X = s,, respectively. Suppose that (ml,m,,s ,8,)" is the
vector of design“parameters and one wishes to find'sefisitivity coeffic-
ients that relate changes in the design parameters to corresponding
changes in the functional

vo=t, (1)

An outline of the sensitivity analysis for this model, by a discontin-
uous logical time approach is given in Appendix A.  This result serves
as a limiting case that may be used to test the validity of the distri-
bution theoretic approach.

By using the 6- and 8- representative sequences defined in Appen-
dix B, discontinuities in the analysis, such as the discontinuity of
velocity of mass m, at t = t_, are removed. All variables employed in
the dynamic and adjoint analyses are smooth.
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One now approximates the equations of motion by using the 0-re-
presentative sequence as

d . .
It ml-+Li(x -sl)m2 x> =0 (12,a)

with initial conditions

x(0) =0, x(0) =V, (12,b)
Let x(l) be the solution of Eq. 12, where the index i is associated
with th function L.. It is shown in Ref. 20 that as i approaches

w, x(1 converges to the solution of the ideal discontinucus model
given in Appendix A. - For simplicity, the dynamic analysis in this
section is carried out with approximate functions L; in Eq. 12,a,
but the index i in x(1) will be suppressed for notational conveni-

ence.
In order to put the equations of motion in standard first order
form, define

Zl = X, 22 = [ml + Li(zl - Sl)mZ]x (13)
3 2,
S (zh- s,)m - f1
) S Tt U S (14,a)
Z,) =0 = f_)
(14,b)

zl(O) = 0, 13(0) = mlv0

By Eqs. 3 and 13, the functional ¢ in Eq. 11 is written as

T 2, T
¢;=LtL'(z-sﬁ) e ~dt=jhdt (15)
n' "1 2 |m1+ Li(ul 51)] N 0
where 1 > t, and the functions Li and L, are shown schematically in
Fig. 4.
L.,L -5
i’™n Li(x Sl) Ln(x 52)
: =t - P p—— X
R T M S27ty Sz S2*ty x(1)

Figure 4. 8- Representative Sequences.
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The adjoint equation 6 is now written as

b e

Equations 16 are highly
tions.

rall i mzzzLi(z1 -sl) T 25

dt 2 "1 n*“tr 727 [m +L,(z, -s,0m,]
{ [m1+ Li(z1 sl)mzj 171 T1°T2

(16 a)
- ' -

dAz ] Al ] tl,n(,z1 52) ]

;35— my L, (zy - s im, ~ Tm +L. (2 - sl)mgT

M) =0, A(x) =0 (16.b)

involved ordinary differential equa-
By vsing the properties of the functions L; and Ln, one can

solve thew over subintervals of the variable x, (0,s, -e3), (s - €4,
sp+ i), (sp+eq, 83 -65), (s2-€n, sp+ep), and (sp™+ €, x(r)), sep-
arately. Let the correspondlng time intervals be (0, t; -hjlj,
(tl"' 18 tl"'r‘lu), ftl"'elu: tZ'L ]L)» (tZ'engp t2+€ u)’ and

(t2+ nus T) Note that 19, 1u, nz, nu’ + 0 as 1, n = o, The
solutions for the adjoint equations over each of these intervals are:

(a) For S, v e <X < x(t)
Al(t) =0, Az(t) =0 (17)
(b) For Sy - €, <X < 92 ‘e,
T2+ﬁm
= - - - - +tL'(z. -
xl(t) = L Lr'l(z1 sz)dc + L) Lr'l(z1 sz)dc LLn( 1 52)
f
| (18.a)
i t,+€
| t 2 o, _
E Az(t) TE‘THHET f L (z sz)d;
‘ (m n f L (z 2)dc
50 )
- L'(z )dg + - — | gL!(z, -~ s,)dC
(m +m (m1+m2) JO n'’1 2
(18.h)
(¢) For Sy * By X <SS, -E
Al(t) = Al(tz- enn) (19.a)
rot) = - (2 “ng) (27 fne) 108250 (19.5)
2 (ml + mz) (ml + mz) )
i
(d) For Sy - ei <X < 51.+ Ei
A (t,-€ )
1Y72 ni
! MO = =Sy Iy ¢ Ly - spm,) (20-2)
i . 1 2
11-10
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: A (t, - € ) |
"o . 1 2 nﬂ, I ~ 3 '
T e e r————— - & }, .. !

Az(t) Lml + mz) b t2 * Enz) (20.b)

(e) For 0 < x < 5 " &
M
(n5_+ mz) )
2182 )
(ml + m2)

A (1) = Aty € ) (21.a)

i

Xz(t) (t - tz";nz) . (21.h)

Thus, the adjoint variables have been solved.

Next one wishes to find the sensitivity coefficients. For the
purpose of illustration, the sensitivity coefficient for the mass m
is given and a proof of convergence for it is presented. Sensitivity
coefficients for other design parameters and the proof of convergence
can be done in a similar fashion [20].

Let zx n be the sensitivity coefficient of m] with respect to

’

| the functional ¢ associated with the approximate functions Lj and L
f in the dynanmic equation and the functional, respectively. By tech-
' niques developed in Refs. [17], and [18], one has

v . T [afo afl}
L .oo= A, (0)V,. + f ~— + A, —=|dt (22)
ml,ln 2 0 b am1 1 am1

By Eqs. 14, 15, and 17 to 21, Eq. 22 can be written as

- t - ‘
v . T -tuan(z1 52) ;
- .= A, (0)V, + g
mp.in- T2 Ok [m, +m,L.(z, -s.)] ‘
1 27171 1 !
- Z,A, (1) ;

. 21 dt (23)

]2

[m1 + Li(z1 - sl)m2

or more explicitly

to-e, A (t,-¢ )
1#‘1 (= Az(o*)vO + j 1 g _._%_—2:_._)’1&.. dt
1+ o . ml m2 .
R L2 ey (- Al(tZ -Enz)] 5 dt
; -t (ml +m2)
' 1" 7i¢
ti-¢€ yA
% 1 [ —
; * L +En [ Al(tZ enz)] my +m2 de

W
—
[ R
=

TR e
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t2+Enu t2+cnu
. ' _
J Ln(zl sz)dt +

+
J a

t
+'L La(z] -Sz)dT -t Lé(zl— 52)]dt

S [t L (2 - 8,08
+ f = dt (24)
tZ-tnR (m1 +m,)
Letting n + © and i + =, one has
- t. t.”
lim 1lim 2:{:‘ in = E‘—\Tz- VO + f 1 fn—-l\T_ dr
i  THw 1’ 170 0 1’0
t- -
(¢ 1 o ymsm .
ClaETE At s T (2)
ty 12 m TV

Note that this is precisely the same as the sensitivity coefficient
of Eq. A-15, which was obtained by the discontinuous approach!

Thus the convergence of the sensitivity analysis by the distrib-
ution thecoretic approach for the model is justified.

The significance of this result is felt in large scale practical
problems, in which analysis by the ideal discontinuous approach is
intractable. As an example of the complexities encountered in
carrying out sensitivity analysis by the discontinuous approach the
reader is referred to Ref. 17 where a 75mm automatic weapon 1is
treated. To illustrate the power and potential o. the foregoing
distribution theoretic approach, a realistic model of a rifle is
treated in the next section.

5. OUTLINE OF A COMPLEX (AUTOMATIC RIFLE) EXAMPLE

A. Problem Definition

The example shown schematically in Fig. 5 is chosen to de-
monstrate the applicability of the preceding distributional or logical
function method for complex problems. This mechanism is, in general
form and complexity, typical of a variety of small caliber weapons
such as the M16Al rifle. In this particular model, only the bholt is
allowed to rotate; all other motions are in the direction of the bore
axis. The position of each mass is described by a state variable
whose coordinate system is chosen for convenience. The origins are
different, but all are located to the rear of the weapon.

The following is a description of weapon operation incorporated
in Fig. 5. At time t = 0, all operating parts except hammer m7 and
buffer weight ms are in battery (forward), a round is in the chamber
and the hammer is cocked. The stiff spring at the end of the bolt

II-12
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ITIAL CONDITIONS AT te0: sy
MBITION < x(i)e1’ VELOCITY - x(8) «0 & = Recelver and Warrel
,l)-t: 2(9) <0 wy * Bolt Corriar
l)al' 2(10)«0 ® fuffer teight
l;ol. x{}1)=0 8, * Orive Spring Coil
.(:)::. 1833 By = Drive Spring Coil
X
ot i) ) ot He o g : Imnr.';prln( Coil

» Bolt
s Cortridge Case
LT Sullet » Propellent

Figure 5, Automatic Rifle Model.

carrier m, assures equilibrium of the preloaded drive spring system
represented by masses Mys Me, and m . At t = 0, the hammer is re-
leased and begins to move forward. =~ When the stiff spring on its
forward end strikes the bolt carrier m,, the breech force begins to
act on the receiver m, and the gas forCe begin to act on m,. Also
at this time, m losés the mass of the projectile and propellent

My of the chambered round. Under the action of the gas force, m,
msves rearward. This motion causes the belt mg to twist. When

the forward end of the cam path is reached by the cam pin, m, and

m, are captured by m, and released by mj. During this period, the
rgtational moment of inertia uof my is that of the bolt plus the
cmpty case. The bolt carrier continues to move rearward, until at

a predetermined point it loses the mass of the empty case m, through
ejection. During the rearward motion of m,, the hammer m, is driven
rearward by m,. Chattering takes place be%ween these two masses,
because of thé stiff elastic contact between them. Next, the buffer
spring on m, strikes the back of m.. During rebound, a mass chosen
equal to mg plus m, is added to m, to simulate some of the complex .
shooter body influence. At a predetermined point in the counter-
recoil cycle, the hammer is suddenly latched to m,. The mass m
continues forward to capture a new round mg plus Mg, which is sim-
ultaneously released from m,. The locking force 1s activated bet-
ween m; and m, and continues until the forward spring on m, strikes
m,. During this period the moment of inertia of my is inCreased

by that of the complete round. The point is reached where the bolt
and new round begin to become part of m, and the analysis is termin-
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*EHLE, HUANG, AND HAUG

ated. Throughout this cycle, m, has been continually impacting m,,
and the spring coil masses m,, m » and m. have been in motion. In
addition, m has been moving undér the influence of a flexible mount.

The problem to be solved for this mechanism is twofold:

1. Predict the displacement, velocity, acceleration, force, and
event histories associated with each mass in the system,

2. Predict the variation in time required by the mechanism to
reach a given event, due to variations in the design para-
meters, That is, calculated the vector of sensitivity

coefficients QJE

7ﬁ? , where t, is the time at which the
event occurs, and b is the vector of design parameters.
For this paper, the fullowing specific case is examined:

Objective functional t_ = time at which stripping of a new
round from the magazine is begun

Design parameters b(l) = m, Receiver and barrel mass
b(2) = m; Bolt carrier mass
b(3) = drive spring constant
b(4) = hammer spring constant
B. Motion Analysis

(1) State Equations: By direct application of Newton's law,
equating the net force on a body to the ratc of change of linear mo-
mentum of that body, one can write the following equations of motion
that incorporate all logic conditions discussed in the description
of weapon operation in Section 5.A as

é% [ (EM(1) + NROUND* (EM(9) + EM(10)) - ELG(1)*(EM(9) + EM(10))
+ (1. - ELG(7))*EM(7) - ELG(2)*EM(10) + ELG(3)*(EM(8)
+ EM(9) + EM(10)) - ELG(4)*(EM(8) + EM(9))*X(8) ]

= - ELG(5)*FGAS + F16 + FMOUNT + ELG(7)*F17 + ELG(8)* F12BAR
+ ELG(16) *F12BB + ELG(G)*{-dit [F4*X(8) + F5*X(9)] + E}*FS
a‘if [ (EM(2) + ELG(9) *EM(8) + ELG(10)*EM(9) + (ELG(11)
- ELG(3))*(EM(9) + EM(10)))X(9)]

= [ELG(13)*F23 + ELG(14)*F23BAR + ELG(15) *F27 + ELG(8) *F21BAR
+ ELG(16) *F21BB + F24] - ELG(5)*PERCEN*FGAS
+ (- ELG(12))* d—dt- [F4*X(8) + F5*X(9)] + ES*F3

[EM{3)*X(10)] = ELG(13)*F32 + ELG(14)*F32BAR

|o.%hx

(EM(4)*X(11)] = F42 + F45

t

II-14




below.

é% [EM(5) *X(12) ]

(2) Logical Function:

= [EM(6)*X(13)]

¢ [EM(7)*X(14)]

*EHLE, HUANG, AND HAUG

F54 + F56

o

F65 + F61

ELG(7)*F71 + ELG(15) *F72

Note that these equations are written in first-order form, where
x(1) through x(7) represent the positions of masses m; through m; and
x(8) through x(14) represent the corresponding velocities. The Fij
(i,j=1,7) are the forces on mass m, from mass m, EM(I) is the com-
puter-program variable for m, P4 F5, and E a%e terms arising from
the cam path constralnt forcee. ELG(I) are logical groups described

ween zero and one, Note that the engineering and computer symbols
LGI and ELG(I) as well as L1 and EL(I), are used interchangeably,
whére I is an integer. The logical groups are:
LGl = L1 my loses mg + 1, o
LG2 = L2 my loses L
LG3 = L L my gains Mg + Mg + M,
LG4 = L19L20 my loses Mg + mg on extraction. Mg + Mg is added
to my after rebound of m,
LG5 = LG(Z)
LG6 = L7L8- 9 o* L11L12 13L14 Cam force between my and m,
is actlve
LG7 = 1. - L1 Hammer is tending to push m, rearward
LGy = Lyg Buffer spring acts between m and m,
ch = ng m, gains bolt mass mg at end of unlocking and loses
mg on start of locking
% ; LG10 = L(ZO) (LGg- LZl) m, gains m, on extraction but m, loses
] . my on ejection
{% g LG11 = LG1 m, gains mg+m,, on round pick-up
& i = . .
{ E LG12 LG6 Cam force between my and m, is active
% : LG15 = L22 Buffer weight force between m, and my is active

(forward)

II-15

Algebraic combinations of one or more log-
ical functions (representative sequences for the Heaviside-step func-
tion) are termed '"logical groups'. These appear in the equations of
motion to switch in and out various forces and masses. They are de-
scribed below in terms of their dependence on the logical functions
and in terms of the physictl conditions that cause them to jump bet-
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LGy = Lys 2
LG

15 = (LG7)(L24) Hammer is in contact with m,

Buffer weight force between m, and me is active {(rear)

LG16 L15 Forward spring on m, is in contact with m
Lu17 = L25L27 Position and velocity criteria for LGl(t)
L618 = L26L28 Position and velocity criteria for LGZ(t), LGS(t)

The state variable and time dependencies of the individual log-
ical functions and the physical conditions under which they make the
transition from zero to one are as follows:

EL (1) = Ll(t,t!) where t' = t'(xz- Xys xg-xs) Round is picked

up from magazine at time when m, is 3.25" from battery

EL (2) = Lz(t,t”) where t" = t”(x7-‘x2, X14- xg) Gas force turns

on at time when A(xz- x7) = 2"
EL (3) = Ls(xz-xl) Bolt hits lockinyg lugs on receiver when
A(xz— xl) = 1"

EL (7) = L7(x2— xl) Locking begins when A(x1 —x2) = 1"

EL (8) = Ls(xg-‘xs) Locking begins when X, - *1 > 0

EL (9) = Lg(xz' xl) Locking stops when A(xl- x2) = 1"

EL (10) = Lm(x9 -xS) Locking stops when iz— kl >0
EL (11) = Lll(xl- x2) Unlocking begins when A(xl- xz) = 1"
EL (12) = LIZ(XS -xg) Unlocking begins when Xz— k1< 0
= - 3 - - "
EL (13) = Lls(x1 x2) Unlocking ends when A(x2 xl) 1
EL (14) = L14(x8 —xg) Unlocking ends when X, -kl <0
EL (15) = Lls(x2 -xl) Forward spring on m, hits m when
A(xz- xl) >0
EL (18] = L18(x1 -xz) Buffer spring force is on if A(xz-xl) = 4"
EL (19) = ng(xl— xz) Bolt and round are picked up by m, when
.A(x2 -xl) > 1 Bolt and round are attached to receiver
”"
when A(xz- xl) <1
Lzo(xs-xg) Empty case part of my until extraction
1 <0
. 3 - = "
L21(x1-x2) Empty case is ejected when A(x2 xl) 2.5
LZZ(XS' xz) Buffer weight hits forward part of m, when

if iz- X

A(xs- x2) = 2"

I1-16
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EL (23) = LZS(XS' xz) Buffer weight hits forward part of m,
when A(XS' x2) = 2" '

EL (24) = L24(x7- xz) Force between hammer and m, on when
A(xz- x7) = 2" (See EL (2))

EL (25) = Lzs(x2-x1) Round is pickfd up from magacine at

, position where m, is 3.25" from battery (See EL (1))

EL (26) = L26(x7 -xz) Gas force is turned on at position
wherc A(xz— x7) = 2" (See EL (2))

EL (27) = L27(x9— x8) Round is picked up from magazine when
kz- il >5 (see EL (1))

EL (28) = L28(x14- xg) Gas force is turned on when k7 -iz >5
(See EL (2))

EL (29) = ng(t,t”) Simulation of gas force

The notation A(x

| - X;) above denotes the 'change in |x; - x| from its
value at t = 0. ) )

The representative sequence used here to represent the Heavi- :
side-step function is J

lQ12n+l+Q2n+l

IQ . ‘Q_€|2n+l _'(Qse);‘ml

where Q = x(I) - x(J) - YA. For some integers, I, J, and constant YA,
A graph of this function is shown in Fig. 6.

-1
L =3 2T

o ———

Figure 6. Approximation of Heaviside-step Function.
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The existence of any derivative of order d is assured everywhere if

2n+1 > d. This form is a single expression that is valid in the
regions where L = 0, where transition occurs, and where L = 1.
Other simpler pieced polynomials may also be used. However, it is

important to choose a representative sequence that is precisely zero
to the left of the transition and precisely one to the right. Most
conventional representations do not have this property.

A number of types of logical functions can be used to control
the logic 'in a given problem. In the current example, logical
functions are based on transition at a predetermined displacement or
velocity. Other possibilities are predetermined acceleration, time,
force, and ccmbinations. It is also possible to develop a logical
function (not used here) based on transition at a given number of
repetitions of a logical event, A special type of logical function
that is used in this example is referred to as a 'locked-on" log-
ical function. Here the argument of L is t-t', where t' is deter-
mined by displacement and velocity criteria. The development of
the lock-on logical function is motivated by experience. It is
convenient to have 2 logical function available that will lock for-
ever in the "on" position after certain displacement and/or velocity
criteria are met and will not be affected by subsequent repeated
satisfaction of these criteria.

Let L_ be a logical function based on position that makes its
transition"from zero to one when a certain displacement condition
is met and let L_ be a similar logical function for velocity. TMAX
is defined to be"a time greater than the muximum time over which
the analysis is conducted. Consider the {following definition for

t': t t
t! =TMA){1-J L)‘( L).( xdz,'] +j cL)‘(L}.(xdc
¢ 0 0

The term TMAX[I —L L)'( Li)'(dc ] = A insures that L(t-t') will not

change value until x is at the appropriatc position, since before that
point is reached, t' = TMAX > t and the argument of L is negative.
After transition has occurred, A = 0. If Lx and/or L, later change
to zero, both of the above integrals will remain unchaﬁged. If they
later change to zero and then switch back on, A will become a large
negative number, In this case, t' will be progressively decreased
by an amount equal to TMAX ard increased by an amount less than TMAX
each time L Li is switched on. Hence with this definition, t' will
always be less than t once the criteria for position and velocity
have been satisfied for the first time, the argument of L will remain
positive, and L will remain "lockedcm.".t The terms in the definition

of t' can be collected as t' = TMAX + 0 (¢ - TMAX)L;LiidC. In order

to calculate t', the integral relation is converted to a differential
1]

equation %‘;— = (t-TMAX)L!L.% with t(0) = TMAX and is solved along
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.. with the other state equations. Thus t' becomes essentially another
state variable with its own associated adjoint variable for sensitiv-
ity analysis. The variables EL(1) and EL(2) in the current problem
are locked-on logical functions.
(3) Forces: The breech and gas forces are assumed to be impulses
that are simulated by constant multiples of time-based representative
sequences for the deta function. The spring forces are as follows:
F16 = 76.8(x6— Xy - 5.08425) - DAMPDR(XI- x6) = SPDRIK(xl- Xe
+ DDR) - DAMPDR(XI— x6)

FMOUNT = -300(x1— 1) - 9.43x1 = SOUNTK(xl=1DMOUNT) - DAMPMO(xl)

F12BB = 20,000(x, - x; - .9996749) + 25(i1— iz) = FORWSK(:(2 - Xy
+ DFOR) + DAMPFO(XI-&Z)

F24 = 76.8(x4- x5 - 1.91575) - .Ol(kz-k4) = -BCSK(x, - x, + BCSD)
- BCSDAM(X, - X,)

F45 = 76.8(x5- X, - -91575) - .Ol(x4 -xs) = -FSMK(x, - x5+-DFSM)
- DAMFSM(%, - X¢)

F56 = 76.8(x6— Xg - .91575) - .Ol(xs- xe) = —RMSK(X5~ x64-RSD)
- DAMRS(XS-XG)

F17 = -ZO(xl-x7-+6.S) - HAMDAM(XI- i7) = —HAMSPK(xl-x7DHAM)
- HAMDAM(xS- x14)

F12B = IOOOO(XZ— Xy - .66667) + .13(x2-x1) = BUFFK(XZ- Xy
+ BUFDAM(X, - X,)

F23 = —20000(x2- x34-1.01666) - 15(x2 —is) = -BWK(XZ- x3+-DBW)
- BWDAM(XZ- k)

F23B = 20000(x2- Xz = .98333) - 15(x2 -XS) = BWRK(xZ- Xg+ DBWR)
- BWDAM(XZ-XK)

F27 = -ZOOOO(x2 —x7-+5.16667) - 9(x2-x7) = HBK(xz-x74-HBD)
- HBDAM(XZ-X7)

The axial component of the constraint force between the bolt
carrier and the bolt that causes the bolt to rotate in accordance
with the cam path is

2
_ = de de [d76 .2 do6 .
F12 = Tgorr ® 3x = Tmor dx (d'xz X Ix ")

where 8 is the rotation angle, Igg T the mass moment of inertia of

the bolt, and x the relative position between bolt and bolt carrier.
s
1.
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This expression can be reformulateé}for the state equations as
E

= F3 {1 [(F4)x(8) + (F5)x(9) +
fér F3, FAYFS, and E.

Note that this expression for F12 introduces coupling in the
highest order derivatives in the first two state equations. The
integration algorithm used requires that these equations be in
standard form gﬁ = f, The process of converting the first two eq-
uvations to this™ -~ form leads to the undesirable appearance of the
delta function, which has relatively high derivative values. How-
ever, it is likely that only step functiuns need be considered in the
dynamic analysis if a mixed algorithm for differential and algebraic

, with appropriate definitions

{(constraint) equations is used. The desired algorithms do exist that
will solve mixed equations in the form f(x,%,t} = O. However, in
this problem, the equations were put in standard form. The first two
equations have the original form

d

[F4)’(1 + F5%

)1

dt[le ] = F2 + F3 It

é%[Fbiz] = F7 + F8 é% [F95<1 +F1022]
and these are manipulated so as to become

dﬁl ) aqag -a2a6

dt @ Qg - 050,

d%, _ 21% " *3%

dt ay0g - a0,

where the alpha's are algebraic equations involving step functions,
delta functions, state variables, and time.

(4) Integration Algorithm: The fourth order Runge-Kutta algorithm
was used to solve the state equations. No crror control was used, ex-
cept that each logical function transition region was divided into a
specified minimum number of parts. The objective was at this stage
to "brute force'" a solution and not relinquish control to an automatic
integration scheme, With large programming inefficiencies, the CPU
time for the CDC 6600 computer was 77 seconds for a problem real time
of .039 seconds. The accuracy was not quantifiable, but appeared to
be satisfactory. No instabilities were apparent, even with the ex-
plicit appearance of the delta functions,

(5) Results: Plots of the logical groups are shown in Figs. 7 and
8. Sample plouts of a typical logical function and its derivatives are
shown in Figs. 9-12, Various computed motions as a function of time
are shown in Figs. 13, through 20. Fig. 21 shows a typical force history.

C. Sensitivity Analvsis

Application of the logical function method to sensitivity

11-20
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analysis permits the solution of complex problems that are not current-
ly solvable by existing methods. The lack of any requirement for a
prior knowledge of the sequence of events, the capability to treat
chatter, and the generalization of logical control are important char-
acteristics for sensitivity analysis of complex systems.

The sensitivity analysis problem for this example was stated in
Section 5.A. Note that solutions of the state equations are required
as input for this analysis. Recall that the matrix 3f/9x appears in
the adjoint equations, Analytically, this is a vervy  lengthy and
tedious calculation, so the details will be omitted here, Recall also
that delta functions introduced as a result of the cam path and the re-
quirement of standard-form equations with the Runge-Kutta algorithm
appear in the "f" expressions in the state equations. Therefore, the
calculation of 3f leads to the appearance of the unit doublet. Since
h, contains the®X delta function, the 8h,/3x term in the adjoint equa-
tions also gives rise to the unit doublet. The doublet arising from
3f/9x may be eliminated by the use of the algorithm for differential and

algebraic equations. It can be shown that the doublet resulting
from the objective functional can always be eliminated if that func-
tional contains no derivatives of L higher than that first, which will
be the case for virtually all problems. However, for the present ex-
ample, no attempt to eliminate the doublet was made.

Again, the Runge-Kutta fourth order algorithm without error con-
trol was used to demonstrate that stable solutions could be obtained,
even with the occurrence of the extremely rapidly varying doublet. ror
convenience in demonstratingffeasibility, very large inefficiences in

the lengthy calculation of X were allowed. The results obtained
0 at!

for i 5% 7y where t' is the time for stripping of a new round
from the magazg e and b(l) = my, b(2) = my, b(3) = drive spring con-
stant, and b(4) = hammer spring constant, are as follows:

0 0 0 0
21 22 2% Ly

--0086 .61 354304 -1.4x10°4
approximate values from finite veriations:

-.013 .92 .53x10°% -1.3x10°%

Confidnece in the approximate values from finite variations is limited
to order of magnitude and algebraic sign. They are obtained from solv-

25,

ing the state equations for different values of b and calculating At'/aAb.

However, reasonable changes in b for which approximate linearity

might be expected result in changes in t! on the order of one time step
in the integration process; so At' is not highly reliable. The error
analysis problem is complicated by the fact that both the size of ¢
and the integration step size control the error. Additional study of
this interaction is desirable.
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F D.  Future Work

Now that basic feasibility has been shown, the next step is
the introduction of efficiency. A recent variable order variable
E . step size integration code by Shampine and Gordon will be used to re-
3 \ place the Runge-Kutta algorithm, The calculation of 3f/ax will be
‘ streamlined to provide perhaps the greatest gain in efticiency.
3 Then a reasonable estimate of the computation time inherent in this
' method can be determined. Next, the appearance of the delta func-
F tion in the state equations and of the unit doublet in the adjoint
¥ equations will be eliminated. This step should also increase effic-
3 iency. Next an analytical basis for the determination of the trans-
' ition width will be established for optimum accuracy and efficiency.
Finally, the logical function method will be introduced into the
ADAMS 2-D generalized mechanism analysis code.
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APPENDIX A: Sensitivity Analysis of the Mass Capture Model by
a Discontinuous Approach

In this appendix, sensitivity analysis of the mass capture
model (shown in Fig. 2) by the discontinuous approach, is given. The
results of the adjoint solution and sensitivity coefficients by this
method serve as the limiting case for the solution by the distribut-

ional approach. Here, only the formulation and results are present-
ed. A detailed derivation is given in [20].
: Let z. = x and z, = mXx. As defined in Section 4, let t, and t,
4 be the timés when masS m, reaches x = s; and s, respectively. Let
% the functional to be conéidered be defined as
‘1' = t2 (A'l)
E 2
11-28 i
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(a) Equations of motion

zl(O)z= o, 22(0) = mlvo

N

m 0 <t <t
0

+ + -
S
1 (m, + sz ¢

22 =0

<t <t

(b) Special time definitions
2p(t)) = 5y
2,(tp) = s

(¢) Adjoint equations

0 <t <t

t, <t <t

» A (t)) =0
xt;) 25

(d) Solution of the equations of motion

z. (t) 